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INTRODUCTION
In 1911 Robert Millikan of the University of Chicago published the details of an experiment that proved beyond doubt that charge was carried by discrete positive and negative entities of equal magnitude, which he called electrons [1] . The discovery that charge is quantized was immediately recognized as very important and he was accordingly awarded the Nobel Prize for Physics in 1923. But although it took the scientific community almost seventy years to appreciate it, Millikan's oil-drop experiment also marked the beginning of what we now call single electronics. To see why, it is important to focus on two essential features of Millikan's set-up, which turn out to be important principles of single-electronics. The first is that he was able to add charge to small pieces of matter, in his case oil-droplets with radii of about 1 µm, the second is that he studied the mechanical motion of these droplets in an external electric field in order to determine their charge. Both these elements of his experiment eventually became important principles for the operation of single-electron devices and critical for their applications. However, an important condition for these principles to be relevant in a device had first to be fulfilled -one had to learn how to accurately control both the charging process and the mechanics of the "oil-drops". To achieve this at the submicron level required almost seventy years of technological progress.
A first step towards modern single electronics was taken in the late 1980's by two groups in Russia and the USA [2] . Using different techniques they were both able to make well-characterized metallic islands of submicron size and charge them in a controllable way. Today, experiments have become even more sophisticated and the degree of control is much higher.
The ongoing miniaturization of electronic devices leads to an enhanced role for electrical charging and, as a result, to significantly larger mechanical forces between different elements of the device. Consequently, mechanical deformations are produced, which in turn influence the distribution and transfer of charge. Since the electrical and mechanical energy scales are comparable the above interplay results in coupled electro-mechanical modes. In this way the original Millikan setup is recovered at a new nanoscopic level.
Electromechanical interactions are important not only in the devices for nanoelectronics. They are significant for charge transport through a variety of conducting media containing nanoscale components. For example, if electrons can be trapped in small conducting regions within an insulating matrix, quantum-mechanical tunnelling and Coulomb interactions turn out to be the main mechanisms controlling electron transport. In particular, this can be the case in granular materials, where the Coulomb blockade phenomenon reduces charge fluctuations and leads to single-electronic tunnelling.
Mechanical deformability plays a special role in nanomaterials. On the one hand, it originates from the electronic contribution to the elastic constants of the material and, on the other hand, it has tremendous impact on the electron tunnelling. The interplay between electronic and mechanical degrees of freedom is especially important in nanocomposites consisting of materials with very different elastic properties. Liquid nanocomposites or electrolytes represent an extreme case of such systems. There the charges are localized on ions, and it is the mechanical, convective motion of these "nanocarriers" that is responsible for the charge transfer (the ionic transport mechanism).
In solid-state composite materials the higher density of carriers together with a significant freezing of their mechanical motion increases the importance of interparticle electron tunnelling and makes this charge transport mechanism competitive with mechanical convection. Hence we arrive at the very interesting situation when electrical and mechanical degrees of freedom cannot be separated. One has to consider a new -nanoelectromechanical -type of transport. This is the situation occurring in many metal-organic nanocomposites, where small conducting nanoparticles or "dots" are embedded in a soft organic molecular matrix. There, on-dot discrete charge fluctuations caused by electrostatically induced mechanical distortions play an essential role providing a feedback to the mechanical motion. Both the response to external perturbations and the noise properties of such materials are qualitatively different from those known for bulk homogeneous conductors.
During the last decade or so, nanotechnology has advanced the ability to fabricate systems in which chemical self-assembly defines the functional and structural units of nanoelectronic devices [3] . Since the elastic parameters of many compounds and devices currently utilized can be much "softer" than those of semiconductors and metals, mechanical degrees of freedom may play an important role in charge transfer. In particular, charge transfer via tunnelling through a device can be dramatically enhanced by the mechanical motion of some part of the device.
Recently, nanomechanical oscillators [4] have been combined with single-electron tunnelling [5] devices, resulting in a new class of nanoelectromechanical systems (NEMS). Experiments measuring electron transport through single oscillating molecules [6] [7] [8] [9] , suspended semiconductor systems [10, 11] , and suspended carbon nanotubes [12] clearly demonstrate the influence of mechanical degrees of freedom on the current in the singleelectron tunnelling regime.
As a simple example of a device of this type, consider a metallic grain elastically suspended between a source and a drain electrode as in Fig. 1 . Since the central conducting grain can move, we will refer to this device as a nanoelectromechanical single-electron transistor (NEM-SET) rather than just a single-electron transistor (SET). If, due to a fluctuation in its position, the grain were to come close to the source (or drain) electrode the tunnelling cou- A dynamic instability occurs since in the presence of a sufficiently large bias voltage V the grain is accelerated by the corresponding electrostatic force towards first one, then the other electrode. A cyclic change in direction is caused by the repeated "loading" of electrons near the negatively biased electrode and the subsequent "unloading" of the same at the positively biased electrode. As a result the sign of the net grain charge alternates leading to an oscillatory grain motion and a novel "electron shuttle" mechanism for charge transport. From Ref. [13] , L. Y. Gorelik et al., Phys. Rev. Lett. 80, 4526 (1998) , with permission from the American Physical Society c 1998.
pling between them would increase significantly and the grain would be negatively (positively) charged. Then, accelerated by elastic and Coulomb electrostatic forces, the grain would move back and approach the drain (source) electrode, thus transferring the acquired charge. The described process is usually referred to as "shuttling" of electrons. In general, the shuttle mechanism can be defined as a charge transfer through a mechanical subsystem facilitated by its oscillatory center-of-mass motion. The key factor here is that in shuttling the charge of the grain, q(t), is correlated with the grain velocity,ẋ(t), in such a way that the time average q(t)ẋ(t) = 0. It follows that the average work performed by the electrostatic force is nonzero even ifẋ(t) = 0, and as a result the mechanical motion and charge transfer can be unstable with respect to the formation of periodic or quasi periodic mechanical motion and electrical signal.
Being induced by the coupling between tunnelling electrons and vibrational degrees of freedom, shuttle transport should be discriminated from the conventionally discussed vibron-assisted inelastic tunnelling. The difference is that shuttling results from an electromechanical instability. If the mechanical motion is strongly damped the device is mechanically stable, and the number of generated vibrons is close to the equilibrium value. In this situation the notion of vibron-assisted tunnelling is adequate. As the damping in the mechanical system decreases, or the driving voltage increases one may reach a point where the mechanical stability of the device is lost.
At this point the number of generated vibrons increases and reaches a large value. Moreover, a special type of coherence in the mechanical system is maintained due to the coupling to tunnelling electrons. This coherence can be characterized by nonzero off-diagonal elements of the density matrix in the vibron number representation. As a result the vibrational degrees of freedom can be described by a classical field representing the mechanical displacement of the shuttle. In this -shuttle -regime the electron-vibron interaction develops into a mechanical transportation of electrons.
In the following we will focus on the shuttling transport of charge. A large amount of both theoretical [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] and experimental [30] [31] [32] papers concerning the electronvibron interaction in single-molecule SET devices have appeared in the literature. However, since they are not related to the shuttle instability and shuttling of charge, which is the subject of the present review, we will leave them out and refer the interested reader to other recent reviews of more general issues in nanomechanics [4, [33] [34] [35] .
An important feature of nanosystems is the Coulomb blockade [36] phenomenon. A small, initially neutral system that has accepted an extra electron, becomes negatively charged, and under certain conditions another electron cannot, due to Coulomb repulsion, reach the grain. As a result, it has to wait until the first electron has escaped. Until then further transport is blocked. Thus, under Coulomb blockade conditions the electrons can be transferred only one by one (or, more generally, in integer numbers). The smaller the system capacitance, the bigger is the charging energy. Consequently, Coulomb blockade is an intrinsic property of small devices, and its importance increases with the progress in nanoscience and nanotechnology. Hence, due to Coulomb blockade, shuttling of single electrons or single Cooper pairs can take place.
During the past seven years, shuttles of different types have been studied theoretically and experimentally. We have just emphasized that shuttling as opposed to vibronassisted tunnelling is due to an intrinsic instability. However, it can also be due to an externally driven grain motion using, e.g., an AC electric or mechanical force. Another point of interest is that electron transport through a NEM-SET device can occur in regimes where either a classical or a quantum mechanical theory is called for. The mechanical degrees of freedom may also require either a classical or a quantum-mechanical description. Hence, shuttle charge transfer in soft nanostructures involves rich and interesting physics.
Presently, many researchers are interested in shuttling in nanoelectromechanical systems aiming to determine fundamental properties of electro-mechanical coupling in nanostructures, electron and phonon transport, etc. This knowledge will definitely give renewed impetus to the design of new applications such as, e.g., nanogenerators, nanoswitches and current standards. Shuttle electron transfer can take place not only through a metallic grain, but also through a relatively soft nanocluster. In this connection, it is important to study vibrational modes of electromechanical systems with several degrees of freedom. If the center-of-mass motion can be clearly separated from other modes, then the shuttle electron transfer though the system is similar to that in the case of a rigid grain. Otherwise, it is more appropriate to speak of vibron-assisted tunnelling rather than shuttling.
Further, electromechanical coupling and shuttle transport is not only a feature of heteroelastic nanocomposites. It also has, as will be seen below, relevance for other nanoelectromechanical systems intentionally designed to work at the nanometer scale [37] [38] [39] . Early work on shuttle transport of electrons were reviewed in Ref. [40] .
Our aim is here to discuss the issues mentioned above in more detail. We will start from the simplest case of a particle with one mechanical degree of freedom located between two electrodes and elastically coupled either to the substrate or to the leads. This situation is relevant to several experiments, e. g., to electron shuttling through an artificial structure [41] , and to shuttling through an oscillating C 60 molecule [6] . Both classical and quantum electron transport will be considered in Sections 2.1 and 2.3, respectively (see Table I ). It will be shown that in both cases an electromechanical instability occurs which leads to a periodic mechanical motion of the elastically suspended particle [13, 42, 43] . In Sec. 2.4 our aim is to review theoretical work regarding systems where the mechanical degrees of freedom need to be treated quantum mechanically. A review of the available experimental results is given in Sec. 3. Finally, the possibility of coherent shuttling of Cooper pairs between two superconductors through a movable superconducting grain will be considered in Sec. 4, and noise in different types of shuttle systems in Sec. 5.
SINGLE-ELECTRON TRANSFER BY A NANOSHUTTLE
As already mentioned, shuttle charge transfer involves two distinct charge transfer processes: the tunnelling of charge between the leads and a (moving) cluster as well as the mechanical, "convective" motion of the charged cluster. The mechanical motion of the shuttle can obey either classical or quantum mechanics. A classical description is sufficient if the force that acts on the shuttle depends only weakly on its spatial position. In general this requirement can be formulated as where λ(x) = /p(x) is the effective de Broglie wavelength of the shuttle and p(x) is its classical momentum at a position x on its classical trajectory. Now, even if the criterion (1) for the shuttle motion to be classical is fulfilled, the tunnelling of electrons through the grain can be either sequential or coherent. In the first case, the relevant physical picture is fully classical -the electrons can be regarded as classical particles and their transport properties can be described by a Master equation. We will refer to this situation as classical shuttling of particles. In the case of coherent tunnelling, the electrons should be treated as wave packets while keeping track of the properties of their wave functions. In this situation we will talk about classical shuttling of waves. The word "classical" here serves as a reminder that the mechanical motion is still classical. All recent experiments can be interpreted as classical shuttling satisfying the condition (1) . If the dissipation is low enough, see the discussion in Sec. 2.4, this is true also for the experiment of Park et al. [6] involving a C 60 molecule. However, in principle, the condition (1) may not be fulfilled. If so, the mechanical motion has to be described by quantum mechanics. We refer to this case as quantum shuttling of either particles or waves, depending on the nature of the electron tunnelling process. In the following Sections all four regimes will be considered (see Table I ). Before we proceed, however, a small digression about the condition (1) is in order.
Whether the criterion (1) for the shuttle motion to be classical is fulfilled or not depends on how quickly the shuttle momentum p(x) varies with position x. This in turn is determined by the forces acting upon the cluster. The character of the shuttle transport is somewhat complicated by the fact that the electron is not necessarily localized at the moving shuttle cluster, it can also be extended between the cluster and the leads as a result of quantum delocalization. Since the forces that act on the cluster are different in the different situations, the concrete forms of the criterion (1) can also be different. If the electron is localized at the cluster, the forces are due to the direct Coulomb interaction between the leads and the excess cluster charge, and the criterion (1) can be cast into the form x 0 λ. Here x 0 = /mω 0 is the quantum-mechanical zero-point vibration amplitude, ω 0 is the angular eigenfrequency of cluster vibrations, while λ -to be defined in Sec. 2.1.2 below -is the characteristic (decay) length of the tunnelling coupling. Even if this condition is not met, many properties of shuttle transport can be understood classically provided the oscillation amplitude, A, is so large that A x 0 . In this situation the region where quantum effects are important is relatively narrow compared to the whole trajectory.
Quantum delocalization of electron states between cluster and leads gives rise to what one may call cohesive forces and makes the situation more complicated. In Sec. 2.4 we will show that for sufficiently small bias voltages (and hence for sufficiently weak electric fields) a specific quantum regime appears, where even relatively large cluster vibration amplitudes, A λ x 0 , do not allow a classical description of the shuttle transport.
Classical shuttling of particles
We begin this Section by considering the classical shuttling of electrons and by specifying the conditions which have to be met for shuttling to fall into this category (Sec. 2.1.1). We then proceed to considering the classical shuttling of electrons by a harmonically bound cluster between two leads in Sec. 2.1.2. After that, having seen that low damping is necessary for shuttle transport in this case, we turn to studying a system dominated by viscous forces in 2.1.3. We will find that classical shuttling of particles can take place also in this case.
The prospects for finding applications of the shuttle transport mechanism strongly depend on resolving several issues. Among them are: (i) what are the conditions for ideal shuttling -crucially important for applications such as standards of electric current or for sensors; (ii) is it possible to achieve gate-controlled shuttling, which is important for single-electron transistor applications; (iii) what is the role of other mechanical degrees of freedom than those associated with the center-of-mass motion. These issues will be discussed later in this Section, in subsections 2.1.4, 2.1.5 and 2.1.6.
Requirements for incoherent transport
A schematic picture of a single-electron tunnelling device with a movable metallic cluster as its central element is presented in Fig. 1 . In this case center-of-mass mechanical vibrations of the grain are allowed (consider the elastic springs that connect the central electrode to the leads in Fig. 1 ). Since electronic transport through the device requires electrons to tunnel between the leads and the central small-size conducting grain, it is strongly affected by any vibration-induced displacements of the grain.
A number of characteristic times determine the dynamical evolution of the system. Electronic degrees of freedom are represented by frequencies corresponding to the Fermi energies in each of the conductors and to the applied voltage V . In addition one has an inverse relaxation time, an inverse phase breaking time for electrons in the conductors and a charge relaxation time, ω −1 R = RC, due to tunnelling. Here R and C are the resistance and capacitance of the tunnel junction, respectively. Mechanical degrees of freedom are characterized by a vibration frequency ω 0 . The condition that ω R should be much smaller than the Fermi energy is the standard condition for a weak tunnelling coupling and holds very well in typical tunnel structures. Since a finite voltage is supposed to be applied, causing a non-equilibrium evolution of the system, the question of how fast is the electronic relaxation becomes relevant. Two possible scenarios for the transfer of electrons through the metallic cluster can be identified depending on the ratio between the tunnelling relaxation time ω −1 R and the relaxation time τ 0 of electrons on the grain. In the case where τ 0 is much shorter than ω −1 R , the two sequential tunnelling events that are necessary to transfer an electron from one lead to the other through the grain cannot be considered to be a quantum mechanically coherent process. This is because relaxation and phase breaking processes occur in between these events, which are separated by a time delay of order ω −1 R . On the contrary, all tunnelling events between either lead and the grain are incoherent, i.e., independent events. Fast relaxation of electrons in all three conductors is supposed to be responsible for the formation of a local equilibrium distribution of electrons in each conductor. This is the approach, which we will use in the present Section. In the opposite limit, i.e. when τ 0 is much larger than ω −1 R , quantum coherence plays a dominating role in the electronic charge transfer process and all relaxation takes place in the leads far away from the central part of the device. This case will be considered in Section 2.3.
Shuttling of electrical charge by a movable Coulomb dot
The tunnel junctions between the leads and the grain in Fig. 1 are modelled by tunnelling resistances R L (x) and R R (x) which are assumed to be exponential functions of the grain coordinate x. In order to avoid unimportant technical complications we study the symmetric case for which R L,R = R(0)e ±x/λ , and where we will refer to λ as the tunnelling length. When the position of the grain is fixed, the electrical potential of the grain and its charge q st follow from balancing the current between the grain and the leads [36] . As a consequence, at a given bias voltage V the charge q st (x) is completely controlled by the ratio R L (x)/R R (x) and dq st (x)/dx < 0. In addition the bias voltage generates an electrostatic field E = αV in the space between the leads and, hence, a charged grain will be subjected to an electrostatic force
The central point of our considerations is that the grain -because of the "softness" of the links connecting it to the leads -may move and change its position. The grain motion disturbs the current balance and as a result the grain charge will vary in time in tact with the grain displacement. This variation affects the work W = αV ẋq(t)dt performed on the grain during, say, one period of its oscillatory motion.
It is significant that the work is nonzero and positive, i.e., the electrostatic force, on the average, accelerates the grain. The nature of this acceleration is best understood by considering a grain oscillating with a frequency which is much lower than the typical charge fluctuation frequency ω R = 1/RC. Here C is the capacitance of the metallic cluster which for room temperature Coulomb-blockade systems is of the order 10 −18 − 10
−19
F. In this limit the charge deviation δq ≡ q − q st (x) connected with retardation effects is given by the expression
Rẋ dq st (x)/dx. Hence the extra charge δq depends on the value and direction of the grain velocity and as a consequence, the grain acts as a shuttle that carries positive extra charge on its way from the positive to the negative electrode and negative extra charge on its return trip. The electrostatic force δF q = αV δq is thus at all times directed along the line of motion causing the grain to accelerate. To be more precise, it has been shown [13, 42] that for small deviations from equilibrium (x = 0, q = 0) and provided q(t) is defined as the linear response to the grain displacement, q(t) = χ(t − t )x(t )dt , the work done on the grain is positive for any relation between the charge fluctuation frequency ω R and the frequency of the grain vibration.
In any real system a certain amount Q of energy is dissipated due to viscous damping, which always exist. In order to get to the self-excitation regime, more energy must be pumped into the system from the electrostatic field than can be dissipated; W must exceed Q. Since the electrostatic force increases with the bias voltage this condition can be fulfilled if V exceeds some critical value V c .
If the electrostatic and damping forces are much smaller than the elastic restoring force, self-excitation of vibrations with a frequency equal to the eigenfrequency of the elastic oscillations arise. In this case V c can be implicitly defined by the relation ω 0 γ = αV c Imχ(ω), where ω 0 γ is the imaginary part of the complex dynamic modulus. In the general case, when the charge response is determined by Coulomb-blockade phenomena, χ is an increasing but rather complicated function of V and there is no way to solve for V c analytically. However, one can show [42] that the minimal value of V c corresponds to the situation when the charge exchange frequency ω R is of the same order as the eigenfrequency ω 0 of the grain vibrations.
Above the threshold voltage, the oscillation amplitude will increase exponentially until a balance between dissipated and absorbed energy is achieved and the system reaches a stable self-oscillating regime. The amplitude A of the self-oscillations will therefore be determined by the criterion W (A) = Q(A).
The transition from the static regime to the selfoscillating can be associated with either soft or hard excitation of self-oscillations depending on the relation between the charge exchange frequency ω R and the grain oscillation eigenfrequency ω 0 [42] . Soft excitation takes place if ω R /ω 0 > 2 √ 3. In this case the amplitude of the stable self-oscillation regime increases smoothly (with voltage increase) from zero at the transition voltage. In a case of hard excitation (ω R /ω 0 < 2 √ 3) the oscillation amplitude jumps to a finite value when voltage exceeds V c . It was also found [42] that the hard excitation is accompanied by a hysteretic behavior of the current-voltage characteristics.
An important simplification in early theories of shuttling [42] was that the nanomechanical coupling was supposed to be weak. In other words the Coulomb force acting on the grain was assumed to be small compared with the elastic force responsible for the mechanical vibrations. An important extension of the theory was then made in Refs. [44] and [45] , where the full semiclassical analysis was extended to the case of an asymmetric shuttle device and arbitrarily strong nanoelectromechanical coupling strength. This becomes possible by using a local-in-time master equation approach. The time dependent master equation was solved numerically in the regimes of both semiclassical and quantum dynamics. It follows from both a quantum and a classical analysis [44, 45] that the shuttle current depends linearly on the equilibrium position of the vibrating dot. This position may be shifted by an external magnetic force acting on a spin-polarized dot if an inhomogenous magnetic field is applied. A theoretical analysis of both the semiclassical master equations and the quantum shuttle dynamics for this configuration was performed in [46] . The authors predict that as a result the endohedral spin-state of individual paramagnetic "shuttle" molecules such as N@C 60 and P@C 60 can be detected as could also very small static forces acting on a C 60 -based nanomechanical shuttle.
In the fully developed self-oscillating regime the oscillating grain, sequentially moving electrons from one lead to the other, provides a "shuttle mechanism" for charge as shown in Fig. 1b . In each cycle 2n electrons are transferred, so the average contribution to the current from this shuttle mechanism is
where f ≡ ω 0 /2π is the self-oscillation frequency. This current does not depend on the tunnelling rate ω R . The reason is that when the charge jumps to or from a lead, the grain is so close that the tunnelling rate is large compared to the elastic vibration frequency. Hence the shuttle frequency -not the tunnelling rate -provides the 'bottle neck' for this process. We emphasize that the current due to this shuttle mechanism can be substantially larger than the conventional current via a fixed grain. This is the case when ω 0 ω R . To support the qualitative arguments given above we have performed analytical and numerical analyzes based on the simultaneous solution of Newton's equation for the motion of the grain's center-of-mass and a Master equation for the charge redistribution.
Two different approaches were developed. The first, presented in [13] , gives a quantitative description of the shuttle instability for low tunnel-barrier resistances, i.e. when the rate of charge redistribution is so large (in comparison with the vibration frequency), that the stochastic fluctuations in the grain charge during a single-vibration period are unimportant. The second approach, describing the opposite limit of low-charge redistribution frequencies characteristic of high-resistance tunnel barriers, was presented in [42] .
In both cases it was shown that the electromechanical instability discussed above has dramatic consequences for the current-voltage characteristics of a single electron transistor configuration as shown in Fig. 2 . Even for a symmetric double junction, where no Coulomb staircase appears in conventional designs, we predict that the shuttle mechanism for charge transport manifests itself as a current jump at V = V c and as a Coulomb staircase as the voltage is further increased. A more precise calculation along the line l sketched in Fig. 2 is shown in Fig. 3 . The non-monotonic behavior of the current along this line is due to competition between the two charge transfer mechanisms present in the system, the ordinary tunnel current and the mechanically mediated current I mech (x 0 , t) = δ(x(t) − x 0 )ẋ(t)q(t) through some cross section at x 0 . We define the shuttle current as the time averaged mechanical current through the plane located at x 0 = 0. This current together with the tunnel current for the same cross section is shown in Fig. 3 . As the damping in the system is reduced the oscillation amplitude grows and the shuttle current is enhanced while the ordinary tunnelling current is suppressed. In the limit of low damping this leads to a quantization of the total current in terms of 2ef .
The analysis presented above implicitly assumes that the possibly finite amplitude A of the mechanical oscillation is much smaller than the characteristic size of the system. In particular, that A does not exceed the distance d between the electrodes. At the same time one must expect anharmonic effects for large shuttle vibration amplitudes. As a result the shuttle vibration frequency is a function of the vibration energy (and therefore a function of the applied bias voltage). Hence the I(V ) curve given by Eq. (2) is in general more compli- cated than the simple step-like curve shown in Fig. 2 [47] . A numerical calculation reported in [48] and carried out for parameters that are realistic for silicon-based shuttle structures show that a shuttle instability occurs. However, the resulting I(V ) characteristics contain only a single Coulomb step.
Shuttling in dissipative nanostructures
From the above analysis it is clear that a large damping is detrimental for the development of the shuttle instability and in the limit where γ ω 0 , elastic shuttling of the charge becomes impossible. The mechanical lability of the system, however, is still a dominating feature of the charge transport even in the limit of strong dissipation. The consequences of such a lability are addressed in Ref. [49] . There the elastic restoring force is assumed absent or much weaker than viscous damping forces. According to that model, charge transport through the NEM-SET is affected both by the Coulomb blockade phenomenon and the mechanical motion of the cluster. These two phenomena are coupled since the threshold voltage for electron tunnelling depends on the junction capacitances which, in turn, depend on the cluster position with respect to the leads. In general, the threshold voltage increases when the distance between the cluster and an electrode decreases.
To be specific, if a neutral cluster is located in its equilibrium position between the electrodes no tunnelling takes place for a bias voltage V lower than some thresh- Fig. 2 . The total time averaged current consist of two parts, the shuttle current and the tunneling current. The time averaged shuttle current is the mechanically transferred current through the center of the system < δ(x(t))ẋ(t)q(t) >, the remaining part comes from ordinary tunneling. As the inverse damping γ −1 increase the shuttle current approaches the quantized value Iπ/eω = 3. The tunnel current is proportional to the fraction of the oscillation period spent in the middle region, |x| < λ. This fraction is inversely proportional to the oscillation amplitude and hence the tunnel current decreases as γ −1 increases. The fine structure in the results is due to numerical noise. From Ref. [13] old value V 0 . At V > V 0 the cluster can be charged due to tunnelling onto the cluster. At the same time, the electrical forces produce a mechanical displacement directed from the lead which has supplied the extra charge. After some time the extra charge will leak to the nearest electrode, and the cluster becomes neutral again. An important question at this stage is if an extra tunnelling event to the nearest electrode can take place. The answer is not evident since the electrostatic tunnelling threshold in the last position is different from that at the initial point in system's center. Consequently, tunnelling to the nearest electrode, in principle, could be suppressed due to the Coulomb blockade. The analysis made in Ref. [49] has shown that at zero temperature there is an upper threshold voltage V t below which the extra tunnelling event is not possible. In this case the cluster is almost trapped near the electrode and the conductance is not assisted by significant cluster displacements between the electrodes.
For voltages above the threshold, V > V t , there is a possibility for another tunnelling event between the grain and the nearest lead to happen after the extra charge has tunnelled off the cluster. This event changes the sign of the net charge on the grain. In this case the cluster can be pushed by the Coulomb force towards the more distant electrode where the above described process repeats itself. The conductance is now assisted by significant displacements of the grain and this scenario is qualitatively similar to the shuttle vibrations in fully elastic electromechanical structures [13] . This process is also accompanied by a marked rise in the current through the system as shown in Fig. 4 .
Accuracy of a mechanical single-electron shuttle.
Several mechanisms contribute to a deviation of the average current from the ideal shuttle value nef 0 :
1. Sequential electron tunnelling and co-tunnelling through the grain, which leads to a "shunting" DC current unrelated to any grain motion. R . The relation between these characteristic times determines if the grain can be fully loaded during a single contact event.
3. Thermal fluctuations, which lift the Coulomb blockade limitation for the transferred charge to be an integer number of electron charges.
The contribution of the shunting tunnelling seems to be much smaller than the current conveyed by a shuttling grain. Indeed, the former is limited by the maximum tunnel resistance which is exponentially large. The second and third limitations to the accuracy of the shuttling current were considered by Weiss and Zwerger [50] where a Master equation for the charge of the moving grain was analyzed. In this approach the shuttling was mapped on a sequence of contact events when charge transfer takes place. The results of an analytical treatment of a simple model and of a numerical treatment are shown in Figs. 5 and 6 taken from Ref. [50] . In Fig single-electron shuttling is demonstrated in Fig. 6 . It is clear that for t 0 τ and T = 0 the Coulomb staircase is perfect. For increasing temperatures, the Coulomb staircase is washed out leading to an Ohmic behavior at high temperatures.
Gate voltage control of shuttle mechanics
The electromechanical coupling also dramatically changes the transistor effect in a NEM-SET as compared to an ordinary SET. We will discuss this problem following Nishiguchi [51] . Let us assume that the tunnelling can take place only between the grain and the leads, while there is no tunnelling exchange with the gate. The gate voltage controls the equilibrium position of the grain with respect to the leads since it determines the extra charge of the grain. Schematic configuration of a relevant NEM-SET is sketched in Fig. 7 . The picture describes a situation when the grain has a net negative charge. The net negative charging of the grain occurs for a certain relation between the bias, V b , and the gate, V g , voltages. The positively charged gate electrostatically induces a negative charge on the grain, which tends to be compensated by the tunnelling of positive charge from the right lead. Here we assume that the tunnelling from the negatively charged remote electrode is exponentially suppressed. Since the grain is shifted from the central position, the current through the device is exponentially small. An increase in the bias voltage decreases the total negative charge. When the compensation is complete the grain returns to the central position restoring the tunnelling transport through the device. The "phase diagram"in the V g − V b plane obtained in Ref. [51] is shown in Fig. 8 . It is worth mentioning that there is a qualitative difference between this "butterfly" phase-diagram and the "diamond" phase diagram in conventional SET devices [39] , where the mechanically blocked SET operation is absent.
Nanoparticle chains
We continue this Section on classical shuttling of electrons by considering theoretical work by Nishiguchi [52] regarding nanoparticle chains. Nanoparticle chains consist of small metal grains stabilized by ligands, with electronic transport occurring via tunnelling between the metal particles. Because of the relative softness of the ligand matrix, vibrations of the metal grains can significantly modify the electronic tunnelling rates. In systems with several degrees of freedom, the electro-mechanical instability at special values of system parameters can lead to excitation of more than one mode. As result, the mechanical motion becomes in general non-periodic with a possibility of a telegraph-like switching between the modes. A crossover from a periodic to a quasiperiodic motion, as well as telegraph-like switching between these regimes was demonstrated in Refs. [52, 53] , where electron shuttling through a system of two elastically and electrically coupled particles was numerically simulated. A telegraph-like switching was observed at some value of bias voltage. 
Charge shuttling by a suspended nanotube
The case considered above of a chain of mechanically vibrating dots raises the more general question of the possibility of a current induced instability in extended mechanical objects such as long molecules and nanowires. The main difference compared to other shuttle systems is the existence of more than one mechanical degree of freedom (mode of vibration), each of them coupled to electron tunneling events. The nanoelectromechanical response of the system to such a coupling may in general be quite complicated. The question of whether it is possible to selectively "amplify" a particular mechanical mode is of special fundamental and practical interest. In Ref. [54] a particular example of a multi-mode system was considered. A suspended nanowire experiencing bending mode vibrations was probed by injecting a tunnel current through an STM tip (see. Fig. 9 ). This study was motivated by an experiment [12] where inelastic electron tunneling accompanied by excitation of mechanical radial vibrations was detected. In [54] a shuttle-like instability resulting in the onset of bending vibrations of a finite amplitude was theoretically predicted to occur as a result of the injection of current. Due to the different coupling strengths between the electronic subsystem and the various bending modes it was shown that an instability of a specific mode could be selectively induced by varying the applied bias voltage [54] . According to the estimation in Ref. [55] the predicted nanomechanical instability should be observable under conditions similar to those at hand in the experiment [12] . However, it is important that the tunnel resistances between the STM tip and the nanotube on the one hand and between the nanotube and the electrodes on the other, do not differ significantly.
The charge shuttle as a nanomechanical ratchet
One advantage of the self-oscillating shuttle structures is that it is possible to use a static bias voltage to generate mechanical oscillations of a very high frequency. The fact that the system has an intrinsic and stable oscillating mode suggests that the application of an oscillating voltage may lead to new interesting effects related to the interplay between the external AC drive and the internal frequency of the device. Moreover, as the dynamics of shuttle systems is essentially nonlinear, this interplay should emerge in a wide interval of the ratio of the two frequencies.
A shuttle driven by a time-dependent applied bias was considered by Pistolesi and Fazio [56] . They showed that an asymmetric structure can act as a ratchet (see, e.g., Ref. [57] ) in which the forcing potential is generated in a self-consistent way. A sizeable ratchet effect is present down to bias frequencies much smaller than the mechanical resonance frequency ω 0 , due to the adiabatic change of the equilibrium position of the grain. In a recent experiment [58] some results similar to the predictions of Ref. [56] were observed. However, in this experiment the single-electron tunnelling limit was not reached.
Assuming a harmonic bias voltage, V = V 0 sin ωt, the authors of Ref. [56] simulate the grain dynamics and stochastic electron transfer for an asymmetric system characterized by the resistances R L (0) = R R (0). The asymmetry is essential, since no DC current can be generated in a symmetric device. As the electron transition rates are proportional to |V (t)|, they turn out to be time-dependent. According to the simulation, the system reaches a stationary behaviour after a transient time. Figure 10 shows the stationary DC current as a function of the external bias frequency ω. The rich structure shown in the figure is generic; qualitatively identical behaviour was observed for a wide range of parameters. The existence of a direct current as a result of an applied periodic modulation shows that the charge shuttle behaves as a ratchet [57] . Since the system is nonlinear, the external driving force affects the dynamics also for values of ω very different from the intrinsic frequency ω 0 . Note that in this model the nonlinearities are intrinsic to the shuttle mechanism. They are due to the specific time dependence of the grain charge, en(t), rather than to a nonlinear mechanical force. As is evident from Fig. 10 the ratchet behaviour is present also in the adiabatic limit, ω/ω 0 1. In addition, a series of resonances appear. These are due to frequency locking when ω/ω 0 = q/p and q and p are integers, see, e. g., [59] . In this case the motion of the shuttle and the oscillating source become synchronized in such a way that during q periods of the oscillating field the shuttle performs p oscillations.
In contrast to the ratchet behaviour [57] , where an ac voltage induced a nonzero dc shuttle current only in an asymmetric tunnel junction, an ac generated dc current was predicted to occur in a symmetric double-shuttle structure in [60] . Such a system, where two shuttles are coupled in series double, exhibits a parametric instability that induces both shuttles to vibrate in such a way that the distance between them oscillates. In contrast to the single-shuttle structure studied in [57] , where the shuttle resistance oscillates with twice the frequency of the shuttle motion itself, in double-shuttle structure mutual resistance oscillates with the same frequency as the shuttles. This difference alters qualitatively the rectification ability of the system. As a result a rectification effect is apparently possible in a fully symmetric device [60] . The rectified current can flow in either direction depending on how the parametric instability has developed.
Classical shuttling of electron waves
In this Section we follow the considerations of Fedorets et al. [43] . Here it is assumed that a vibrating grain has a single resonant level, both the position x(t) of this level and the coupling of the grain to the leads, T L,R (t), are oscillatory functions of time, see Fig. 11 . The effective Hamiltonian of the problem is defined as
Here
is the energy level in the dot shifted due to the voltage induced electric field E, a † αk creates an electron with momentum k in the corresponding lead, α = L, R is the lead index, c † creates an electron in the dot. The first term in the Hamiltonian describes the electrons in the leads, the second corresponds to the movable quantum dot and the last term describes tunnelling between the leads and the dot.
The evolution of the electronic subsystem is determined by the Liouville-von Neumann equation for the statistical operatorρ(t),
while the center-of-mass motion of the dot is governed by Newton's equation,ẍ + w
Here ω 0 = k 0 /m, m is the mass of the grain, k 0 is a constant characterizing the strength of the harmonic potential, and F (t) = − Tr ρ(t) ∂Ĥ/∂x . The force F is computed from an exact solution of the tunnelling problem, which exists for arbitrary T α (t) and d (t). Using the Keldysh Green's function approach [61] in the so-called wide band approximation and following Ref. [62] one obtains the force F as
where
and Γ(t) = 2π α g α |T α (t)| 2 , g α is the density of states in the corresponding lead while
The first item in the expression (6) for F (t) is the electric force due to accumulated charge; the second item is the "cohesive" force due to position-dependent hybridization of the electronic states of the grain and the leads. Equations (5) and (6) can be used to study the stability of the equilibrium position of the cluster. By linearizing Eq. (5) with respect to the small displacement ∝ e −iωt and solving the proper equations of motion, one can obtain a complex vibration frequency. The mechanical instability can then be determined from the inequality Im ω ≥ 0. As shown in Ref. [43] , the instability occurs if the driving bias voltage exceeds some critical value, which for a symmetrically applied voltage is eV c = 2( 0 + ω 0 ). It was also shown that in the limit of weak electromechanical coupling, when Γ/(4mω 2 0 λ 2 ) and 2eEλ/( 2 ω 2 0 + Γ 2 ) 1, the instability develops into a limit cycle. This is in contrast with a classical shuttle, where stability of the system could be achieved only at finite mechanical dissipation. The reason for the difference is that here dissipation is provided by an explicit coupling to the electronic degrees of freedom in the Hamiltonian (3). In the classical treatment dissipation was only described phenomenologically by a damping constant in Newton's equation. One can see a qualitative agreement between the experimentally observed I(V ) curve for a fullerene based NEM-SET shown in Fig. 18 and the results of the above calculation displayed in Fig. 12 . However, there are alternative inter- pretations of the experiment by Park et al. [6] (see [63] [64] [65] [66] [67] ), which are based on quantum mechanical treatments of the mechanical motion. Some of these will be discussed below.
The authors of Refs. [68] [69] [70] have performed numerical simulations of current induced nanovibrations in fullerene based tunneling device (Au-C 60 -Au double junctions) based on an ab initio nonequilibrium formalism. Their method involves the use of Keldysh Green's functions for describing the nonequilibrium electron subsystem and quantum mechanics for solving the fullerene dynamics. The coupling between the mechanical and electronic subsystems was treated in the framework of time-dependent scattering theory. Using parameters relevant to the experiment [6] they demonstrate that by applying a dc bias voltage a time dependent current is generated. The authors interpreted this as the result of a nanoelectromechanical instability similar to the shuttle instability discussed above. Special features of the dynamics in this case appear because of the resonant character of the electron tunneling through the C 60 molecule (see also [71] ). Similar simulations for a nanojunction, containing a C 20 molecule were performed in [72] . Here, in contrast to what is done for conventional shuttle systems, the limit of strong tunneling coupling at the Au-C 20 interface was considered and no shuttle instability was detected. Instead a pronounced step in the differential conductance versus voltage was detected indicative of the strong effect of vibron-assisted tunneling of electrons through the molecule.
Charge transfer through a quantum oscillator
In the previous discussion we assumed that the mechanical degree of freedom was classical. As discussed in the beginning of Sec. 2 this assumption is not always correct. For an oscillator with a small enough mass, e.g., the quantum mechanical zero-point vibration amplitude, x 0 , can be comparable with the the center-of-mass displacement. In this case electronic and mechanical degrees of freedom behave as coupled parts of a quantum system which in its entirety should be described by quantum mechanics. The coupling between the subsystems is provided by (i) the dependence of electronic levels, charges, their images, and, consequently of the electric forces on the mechanical degrees of freedom, and by (ii) the dependence of tunnelling barriers on the spatial configuration of the system.
In general, charge transfer in the systems under consideration is assisted by excitation of vibrational degrees of freedom which is similar to phonon-assisted tunnelling through nanostructures. However, in some cases the center-of-mass mechanical mode turns out to be more strongly coupled to the charge transfer than other modes. In this case one can interpret the center-of-mass-mode assisted charge transfer as quantum shuttle transport, provided that the center-of-mass motion is correlated in time with the charge on the dot (see the definition of shuttle transport in the introduction). Several authors have addressed the charge transport through a quantum oscillator, and several models have been discussed. Some of this work is reviewed below.
Single-electron tunnelling through molecular structures under the influence of nanomechanical excitations has been considered by Boese and Schoeller [63] . The authors developed a quantum mechanical model of electron tunnelling through a vibrating molecule and used it to model the experiment described in Ref. [6] . In contrast to what was done in Secs. 2.1, 2.3 and Refs. [13, 43] , they assumed the vibrational frequency to be several orders of magnitude larger than the electron tunnelling rates. Their system is described by an effective Hamiltonian involving local bosonic degrees of freedom of the molecule. One of the local modes can be interpreted as describing center-of-mass motion. The quantum mechanical calculation leads to a set of horizontal plateaus in the I − V curve due to excitation of different vibrational modes. It is shown that in some regions of parameter space a negative differential resistance occurs. A similar calculation, but with a more detailed account of the dependence of the charge-transfer matrix elements on the shuttle coordinate, has been published by McCarthy et al. [64] .
References [63] and [64] provide a qualitative explanation of the experiment by Park et al. [6] . Other fully quantum-mechanical efforts to model this experiment involving vibron-assisted tunnelling rather than the shuttle mechanism can be found in Refs. [65] [66] [67] . These are actually alternative explanations to that given in Ref. [43] , where the center-of-mass motion was treated classically.
Vibron-assisted tunnelling is the appropriate picture for high damping rates (low Q-factor) and classical shuttling for low damping (high Q-factor). To determine the Qfactor relevant for the experiment of Park et al. [6] requires additional information, e.g., from noise measurements, see Sec. 5. It is worth mentioning that the shuttle model predicts a finite slope of the I − V curve at large voltages, which is more similar to the experimental result.
A quantum oscillator consisting of a dot coupled by springs to two flanking stationary dots attached to semiinfinite leads was considered by MacKinnon and Armour [73] . These authors concentrate on the quantum aspects of the dot and electron motion. It is shown that the I − V characteristics of the model shuttle can largely be understood by analyzing the eigenspectrum of the isolated system of three dots and the quantum oscillator. Tunnelling coupling of the dot states, to each other and to the position of the oscillator, leads to repulsion of the eigenvalues and mixing of the eigenstates associated with states localized on individual dots. The mixed states consist of superpositions of the states associated with the individual dots and hence lead to delocalization of the electronic states between the dots. Analysis of the current which flows when the shuttle is weakly coupled to leads, reveals strong resonances corresponding to the occurrence of the delocalized states. The current through the shuttle is found to depend sensitively on the amount by which the oscillator is damped, the strength of the couplings between the dots and the background temperature. When the electron tunnelling length λ is of order x 0 , current far from the electronic resonance is dominated by electrons hopping on and off the central dot sequentially. As the authors state, then the oscillator can be regarded as shuttling electrons across the system as has been discussed in Sec. 2.1.
In the already mentioned work described in Refs. [63] [64] [65] [66] [67] 73] , as well as in some other papers [65] [66] [67] [74] [75] [76] that deal with various aspects of the NEM-SET device in the regime of quantized mechanical grain motion, no shuttle instability was found. The reason is that either the coupling between electron tunnelling and mechanical vibrations is ignored [63] , or that strong dephasing of the mechanical dynamics was assumed [65] [66] [67] [74] [75] [76] . However, the analysis of the shuttle instability of a NEM-SET structure in the quantum regime is important. Indeed, at the initial stage of the instability the oscillation amplitude, A, can be of the same order as the the zero-point oscillation amplitude, x 0 . Therefore quantum fluctuations can be important. The necessary analysis of this issue has been performed by Fedorets et al. [77] and, in more detail, by Novotny et al. [78] and Fedorets et al. [79] . In these papers it was assumed that the shuttling grain has only one electron level, which can be either empty or occupied. The interaction Hamiltonian included linear coupling to the electrical field E, (eExn, wheren is the electron number operator for electrons on the grain), as well as a tunnelling coupling to the leads that is exponentially dependent on the displacement operatorx. In addition, an interaction of the oscillator with an external thermal bath was included and treated to lowest order of perturbation theory. By projecting out the leads and the thermal bath a so-called generalized master equation for the density matrix of the system involving electron states and oscillator variables is obtained under the condition that eV ω 0 , | 0 − µ|, k B T . In Ref. [78] , this equation is numerically analyzed for the case x 0 ∼ λ. The authors suggest to visualize the quantum features expressing the results through the Wigner distribution functions,
Here ρ ∞ ii is the stationary density matrix, ρ ii (t → ∞), which is diagonal in the electron states i = 0, 1. The classical motion of the oscillator can be characterized by its phase trajectory which is a sharp line in the {x, p}-plane, given by the relation p functions are smeared around the origin (or around a shifted origin when charged) to an extent that depends on the zero-point vibration amplitudes with no particular correlations between its charge state and momentum. This means that the state of the grain is very close to the oscillator ground state, i.e. charge transfer excites the mechanical degree of freedom to a very small extent. This is consistent with the vibrationally assisted chargetransfer mode. For small friction (γ = 0.05), on the other hand, the Wigner functions are smeared around the classical phase trajectory p 2 /2m + kx 2 = hω 0 (ringlike shape of W tot with a hole around the origin), and the correlation between the charge state and the mechanical motion is very strong (half-moon shapes of W 00 , W 11 ) Thus one can see a quantum precursor of the electronic shuttle, see also Ref. [77] .
In Ref. [79] , an analytical treatment of the case x 0 ∼ d λ is reported, and an intermediate regime between vibronic assisted charge transfer and shuttling was found. The condition x 0 λ allows one to linearize the problem in the displacement x for low levels of excitation of the mechanical degree of freedom. By doing so one finds a closed set of equations describing the time evolution of x and p . It is found that x and p increase exponentially with time, i.e., the vibrational ground state is unstable above a threshold value of the electric field,
In this way the development of the shuttle instability from quantum fluctuations is understood. The exponential increase of the vibration amplitude leads the system into a nonlinear regime, where the system reaches a stable shuttling state. This state was studied using the Wigner density as suggested in Ref. [78] .
The global behavior of the Wigner density in the shuttling state depends on the electric field, E. What is particularly interesting is that there are two shuttling regimes -a classical regime and a quantum regime. The boundary between these regimes is given by the crossover field 4 where c is a numerical constant. For typical parameters c ∼ 10 −2 . For weak mechanical dissipation, γ/m Γc(x 0 /λ) 4 , the crossover field E q is larger than the threshold field E th , so there is the region of electrical field (E q > E > E th ) where the shuttle regime has a specific quantum character. This regime is described by a Wigner function similar to the one obtained numerically in Ref. [78] for x 0 = λ (see Fig. 13 ) but scaled by the large parameter λ/x 0 . It is characterized by pronounced quantum fluctuations and can be interpreted as a quantum regime.
For strong electrical fields, E E q , the steady-state Wigner functions are only slightly smeared over the classical trajectory p 2 /2m
cl (E) and demonstrate pronounced shuttle features (here A cl ∼ λ is the amplitude of the classical shuttle oscillations and k 0 is the effective spring constant). This regime can therefore be interpreted as a classical regime.
The results of Ref. [79] , reviewed above, demonstrate that the condition λ x 0 , although a necessary condition for the shuttling regime to be classical, is not a sufficient condition. This is because the appearance of shuttle vibrations is a nonequilibrium phenomenon that comes from a nanomechanical instability induced by an applied bias voltage. As a nonequilibrium phenomenon the nature of the vibrations do not only depend on the parameters of the device (such as x 0 and λ), but also on the applied voltage V and the resulting electric field E that acts on the shuttle. There are two "channels" through which the shuttle vibrations can be excited (corresponding to two types of forces on the shuttle). The first channel is electrical in nature and is caused by the electric charge carried by tunnelling electrons. This channel has a classical analog -it corresponds to the work done by the electric force on the charge accumulated on the shuttle. The second channel is not connected with the electric charge but originates from energy corrections caused by quantum delocalization of shuttle electrons onto the leads. The nature of this channel, which is active when the shuttle is in tunnelling contact with either lead, can be said to be cohesive. It has no classical analog at large voltages V applied to the system. The reason is that the classical cohesive force acting on the shuttling grain becomes zero in the limit when all electronic states on the leads are either completely empty or completely filled. Hence it is only quantum fluctuations that contribute a vibron-assisted pumping of cohesive energy into the shuttle. For small enough electric fields, E E q , quantum cohesive pumping dominates and leads to the formation of non-classical, quantum shuttle vibrations with large amplitude of order λ.
The temperature dependence of electron transport through a quantum shuttle was recently studied in Ref. [80] assuming that the electric field is below the instability threshold. At low temperatures the calculated I − V curve shows pronounced steps. It is shown that in the classical limit, x 0 /λ 0.3, the temperature dependence of the I − V curve is weak. However, for a quantum shuttle, x 0 /λ 0.6, a variety of behaviors is predicted. The behaviors depend on how deep the shuttle is in the quantum regime and can vary from a 1/Tdecrease to an exponential growth. It is stated that the results can explain a variety of temperature dependencies that have been observed for electron transport through long molecules.
2.5. Spin-dependent transport of electrons in a shuttle structure
Nanomechanical manipulation of nanomagnets
The possibility to place transition-metal atoms or ions inside organic molecules introduces a new "magnetic" de-gree of freedom that allows the electronic spins to be coupled to mechanical and charge degrees of freedom [81] . By manipulating the interaction between the spin and external magnetic fields and/or the internal interaction in magnetic materials, spin-controlled nanoelectromechanics may be achieved. An inverse phenomenon -nanomechanical manipulation of nanomagnets -was suggested earlier by Gorelik et al. [82] . A magnetic field, by inducing the spin of electrons to rotate (precess) at a certain frequency, provides a clock for studying the shuttle dynamics and a basis for a DC spectroscopy of the corresponding nanomechanical vibrations. Since spin effects are sensitive to an external magnetic field the electron transport through a shuttle structure becomes spindependent.
A particularly interesting situation arises when electrons are shuttled between electrodes that are so-called half-metals where all the electrons are in the same spin state -the material is fully spin-polarized. Examples of such materials can be found among the perovskite manganese oxides, a class of materials that show an intrinsic, so called "colossal magnetoresistance" effect at high magnetic fields (of order 10-100 kOe) [83] .
A large magnetoresistance effect at lower magnetic fields has been observed in layered tunnel structures where two thin perovskite manganese oxide films are separated by a tunnel barrier [83] [84] [85] [86] [87] . Here the spin polarization of electronic states crucially affects the tunnelling between the magnetic electrodes. Indeed, electrons extracted from the source electrode have a certain spin polarization while to be injected into a drain electrode they have to be polarized in a generally different direction. Clearly the tunnelling probability and hence the resistance must be strongly dependent on the relative orientation of the magnetization of the two electrodes. The relative magnetization can be tuned by an external magnetic field. A change in the resistance of trilayer devices by factors of order 2-5 have in this way been induced by magnetic fields of order 200 Oe [84] [85] [86] . The required field strength is determined by the coercitivities of the magnetic layers. This makes it difficult to use a tunnelling device of the described type for sensing very low magnetic fields.
A new functional principle -spin-dependent shuttling of electrons -for low-magnetic field sensing purposes was proposed by Gorelik et al. in Ref. [88] . This principle may lead to a giant magnetoresistance effect in external fields as low as 1-10 Oe. The key idea is to use the external magnetic field to manipulate the spin of shuttled electrons rather than the magnetization of the leads. Since an electron spends a relatively long time on a shuttle, where it is decoupled from the environment even a weak magnetic field can rotate its spin by a significant angle. Such a rotation allows the spin of an electron that has been loaded onto the shuttle from the spin-polarized source electrode to be reoriented in order to allow the electron finally to tunnel from the shuttle to the spinpolarized drain lead. In this way the shuttle serves as a very sensitive magnetoresistance (GMR) device.
The model employed in [88] assumes that the source and drain are fully polarized in opposite directions. A mechanically movable quantum dot (described by a timedependent displacement x(t)), where a single energy level is available for electrons, performs driven harmonic oscillations between the leads. The external magnetic field, H, is perpendicular both to the orientations of the magnetization in both leads and direction of mechanical motion.
The spin-dependent part of the Hamiltonian is specified aŝ
The behavior of the current depends on an interplay between three frequency scales: (i) the frequency of spin rotation, determined by the tunnel exchange interaction, J L(R) , with the magnetic leads; (ii) the frequency of spin rotation in the external magnetic field, gµH/ , and (iii) the frequency of shuttle vibrations, ω 0 .
In the limit of weak exchange interaction, J max µH one may neglect the influence of the magnetic leads on the on-dot electron spin dynamics. The resulting current is
where w is the total tunnelling probability during the contact time t 0 , while
is the rotation angle of the spin during the "free-motion" time. The H-dependence of magneto-transmittance in this limit is characterized by two different scales. The first one is associated with resonant magnetic field dependence through the angle ϑ in the denominator of Eq. (8). This scale is
The second scale,
comes from the periodic function sin 2 (ϑ/2) in the numerator of Eq. (8). The magnetic-field dependence of the current is presented in Fig. 14,a . Dips in the transmittance of width δH appear periodically as the magnetic field is varied, the period being ∆H. This amounts to a giant magneto-transmittance effect. It is interesting to notice that by measuring the period of the variations in I(H) one can in principle determine the shuttle vibration frequency. This amounts to a DC method for spectroscopy of the nanomechanical vibrations. Equation (10) gives a simple relation between the vibration frequency and the period of the current variations. The physical meaning of this relation is very simple: every time when ω/Ω = n+1/2 (Ω = gµH/ is the spin precession frequency in a magnetic field) the shuttled electron is able to fully flip its spin to remove the "spin-blockade" of tunnelling between spin polarized leads having their magnetization in opposite directions.
A strong magnetic coupling to the leads, J max gµH, preserves the electron spin polarization, preventing spinflips of shuttled electrons due to an external magnetic field. However, if the magnetization of the two leads point in opposite directions, the signs of the exchange coupling to the leads are different. Therefore, the exchange couplings to the two leads tend to cancel out when the dot is in the middle of the junction. Hence, the effective exchange Hamiltonian affecting a dot electron periodically changes sign, being small close to the time of sign reversal, see Fig. 15 . Thus the effect of an external magnetic field is negligible almost everywhere, except in the vicinity of the level crossing, where the external magnetic field removes the degeneracy forming a gap is in the spectrum (dashed curve).
The electronic spin-flip in this case occurs via a Landau-Zener [89] reflection from the gap. Note that in this case a Landau-Zener transition across the gap is a mechanism for backscattering of the electron, since this is the channel where the electronic spin is preserved. The schematic I(H) dependence for this case is shown in Fig. 14 . The width δH of the minimum in the I(H) dependence is
Thus the shuttling of spin-polarized electrons can facilitate a giant magneto-transmittance effect caused by shuttling of spin-polarized electrons between magnetic source and drain. A typical estimate for the magnetic field leading to a pronounced effect is δH 1 ÷ 10 Oe.
Spintronics of a nanoelectromechanical shuttle
In Sec. 2.5.1 we showed that the charge transfer through a nanomagnetic shuttle structure can be very sensitive to an external magnetic field. This sensitivity brings a possibility to trigger the shuttle instability by relatively weak magnetic fields. Below we discuss the magnetic-field-induced shuttle instability [90] , which can occur in structures with spin-polarized electrons. The source of the effect is an influence of the magnetic field on the spin-dependent electron transfer mediated by mechanical vibration of a movable grain.
Let us consider the same system as discussed in the previous Section. This system resembles the experimental setup of Ref. [91] . A movable grain having two electronic states with opposite spin directions is placed between magnetic leads having equal and oppositely directed magnetizations able to provide full spin polarizations of electrons. An external magnetic field is assumed to be oriented perpendicularly to the magnetizations of the leads.
The shuttle instability was studied in Sec. 2.4 by combining the vibrational dynamics of the oscillating grain with the quantum dynamics of the transferred electron. The generalization of the procedure outlined in Sec. 2.4 amounts to introducing a spin-dependent Wigner distribution, W σσ (x, p), defined as
Hereρ 0,2 are operators in vibrational space whileρ σσ 1 works in both vibrational and spin spaces. In [90] , equations for the time evolution of W σσ (x, p) were derived and their stationary solutions were analyzed in the limit of weak electromechanical coupling and for the quasiclassical regime, i. e. when the tunnelling length λ is much larger than the zero-point oscillation amplitude x 0 . Various stationary regimes can be identified by a "phase Fig. 16 . The three domains in this picture correspond to three different types of behavior of the nanomechanical oscillator.
diagram" in the (E, H)-plane,
In the "vibronic" domain (v) the system is stable with respect to mechanical displacements from the equilibrium position. The "shuttle" domain (s) corresponds to developed mechanical vibrations behaving classically. The third stationary regime is a "mixed" domain (m). This domain appears because the v-and s-regimes become unstable at different values of E and H provided H exceeds some value H c = ( √ 3/2) Γ/µ. While the shuttle regime becomes unstable below the line v, the "vibronic" state becomes unstable above the line "s". Between these lines (m-domain) both states are stable, and the oscillator "bounces" between the v and s type of behavior. This bouncing is due to random electric forces caused by stochastic variations of the grain charge occurring in the course of tunnelling events. The transition time between the two locally stable regimes, τ v↔s , depends on the electromechanical coupling parameter ε = d/λ 1, and can be expressed as
Here S v↔s (E, H) ∼ 1 is a function of the external fields. Since ε 1, at S v→s = S s→v the switching rates corresponding to the reverse transitions differ exponentially leading to an exponential difference in realization probability for the two regimes. The line p is determined by the equality S v→s = S v←s , i. e. it corresponds to equal rates of the v → s and reverse transitions. Below this line, the probability of the v-regime is exponentially larger comparing to the s-regime, while above this line the s-regime exponentially dominates. Due to the smallness of the electromechanical coupling, ε 1, the transition between the two regimes is very sharp. Hence the change of vibration regimes can be regarded as a "phase transition". Such a transition will manifest itself if the external fields are changed adiabatically on the time scale max{τ s↔v }. One can expect enhanced low-frequency noise, ω τ
s↔v , around the line p as a hallmark of the transition.
In the opposite limit, either s-or v-regimes can be "frozen' in the mixed domain while crossing the line p. If one starts in the v-regime it preserves until the system crosses the line s, and if one starts from the s-regime it preserves until the system crosses the line v. Hence, one should observe a hysteretic behavior of the non-adiabatic shuttle transition.
Two different scenarios for the onset of shuttle vibrations were demonstrated in Ref. [90] . If one crosses over from the v-to the s-region when H < H c i. e. avoiding the mixed phase, the onset is soft. In this regime, after crossing the border, the vibration amplitude grows gradually from zero to some finite value. For H > H c the onset is hard. In this case the vibration amplitude has a step at the transition point, which corresponds to crossing either the p or the s line depending on whether the transition is adiabatic or not.
Thus, following Fedorets et al. [90] , we have demonstrated that magnetic-field-controlled spin effects lead to a very rich behavior of nanomechanical systems.
EXPERIMENTS ON ELECTRON SHUTTLING
A recent experimental realization of the shuttle instability resulting in a classical shuttle-electron transfer was reported by Tuominen et al. [41] . The experimental setup is shown in Fig. 17 . The measured current-voltage characteristics display distinctive jumps and hysteresis which reflect the influence of the vibrational environment (the metal beam the figure) on the shuttle dynamics.
Systems in which electron transport between two contacts is mediated by a vibrational mode of a selfassembled structure have also been investigated [6, 92] . The most striking example of such a system is the C 60 single electron transistor, fabricated by Park et al. [6] . In this device, a single C 60 molecule was deposited in a narrow gap between gold electrodes. The current flowing through the device was found to increase sharply whenever the applied voltage was sufficient to excite vibrations of the molecule about the minima of the van der Waals potential in which the molecule resides, or an internal mode of the molecule itself.
These transport measurements provided clear evidence for coupling between the center-of-mass motion of the C 60 molecules and single-electron hopping. This new conduction mechanism had not been observed previously in quantum dot studies. The coupling is manifested as quantized nanomechanical oscillations of the C 60 molecule against the gold surface, with a frequency of about 1.2 THz. This value is in good agreement with a simple theoretical estimate based on van der Waals and electrostatic interactions between C 60 molecules and gold electrodes. The observed current-voltage curves are shown in Fig. 18 . The device fabricated by Park et al. is an example of a molecular electronic device [93] in which electrical conduction occurs through single molecules connected to conventional leads. The junctions between molecular components and leads will be much more flexible than those in conventional solid-state nanostructures and fluctuations in their width may modify their cur- rent characteristics significantly. Furthermore, vibrational modes of the molecular components themselves may play an important role in determining the transport properties [94] .
An interesting possibility of a nanomechanical double barrier tunnelling structure involving shuttling has been realized by Majima et al. [95] and Nagano et al. [96] . The system consists of scanning vibrating probe/colloidal Au particles/vacuum/PtPd substrate, see Fig. 19 . The colloidal particles act as Coulomb islands, due to probe vibration they are brought to motion. What is important is the phase shift between the probe vibrations and the AC current in the system which allows to single out the displacement current. The latter shows clear features of the Coulomb blockade. Comparison of the experimental results with theoretical calculation drove the authors to the conclusion that about 280 Au particles vibrate in accordance with each other. The existence of such vibrations is also supported by experiments [97, 98] where a negative differential resistance of a shuttle structure was observed.
An externally driven nanomechanical shuttle has been designed by Erbe et al. [37, 38] . In these experiments a nanomechanical pendulum was fabricated on Si-oninsulator substrate using electron and optical lithography, and a metallic island was placed on the clapper which could vibrate between source and drain electrodes, see Fig. 20 . The pendulum was excited by applying an AC voltage between two gates on the left-and right-hand sides of the clapper. The observed tunnelling sourcedrain current was strongly dependent on the frequency of the exciting signal having pronounced maxima at the eigenfrequencies of the mechanical modes. This fact signalizes a shuttling mechanism of electron transfer at typical shuttle frequencies of about 100 MHz. The measured average DC current at 4.2 K corresponded to 0.11±0.001 electrons per cycle of mechanical motion. Both a theoretical analysis [50] and numerical simulations showed that a large portion of the voltage also acts on the island. The authors of Refs. [37, 38] expect that the resolution The equivalent circuit of a two-junction system. C 1 and R 1 mean capacitance and tunneling resistance between a Au particle and a PtPd substrate, and C 2 and R 2 are those between a Au particle and a tungsten probe, respectively. C0 is the capacitance between the tungsten probe and PtPd substrate. of the transport through the shuttle can be improved to also resolve Coulomb blockade effects by minimizing the parasitic effects of the driving AC voltage. According to their estimates, a Coulomb blockade should be observable below 600 mK. A very important modification of the setup in Fig. 20 was recently presented by Scheible et al. in Ref. [39] . There a silicon cantilever is part of a mechanical system of coupled resonators -a construction that makes it possible to drive the shuttle mechanically with a minimal destructive influence from the actuation dynamics on the shuttle itself. This is achieved by a clever design that minimizes the electrical coupling between the driving part of the device (either a megnetomotively driven, doubly clamped beam resonator, or a capacitively coupled remote cantilever) and the driven part (the cantilever which carries the shuttle on its tip). Systems of the above mentioned type can, in principle, be used for studies of shuttle transport through superconducting and magnetic systems. Further attempt to decrease the attenuation in a shuttle system was made in [99] .
Interesting results on mechanically-assisted charge transfer were obtained by Scheible et al. [58] in a device is fabricated as a silicon nanopillar located between source and drain contacts, see Fig. 21 . The device is manufactured in a two-step process: First, nanoscale lithography using a scanning electron microscope (SEM), and, second, dry etching in a fluorine reactive ion etcher (RIE). The lithographically defined gold structure acts as both electrical current leads and etch mask for the RIE. A simple geometry defined by the SEM consequently results in the free-standing isolating nanopillar of intrinsic silicon with a conducting metal (Au) island at its top, see Fig. 21 ,a. This island serves as the charge shuttle. The metal island and the nanopillar are placed in the center of two facing electrodes, denoted by source S and drain D. The system is biased by an AC voltage at source, rather than a sole DC bias, to avoid the dc-self excitation. Moreover, application of an ac-signal allows excitation of the nanopillar resonantly in one of its eigenmodes. The device itself is mounted in a probe station, providing vacuum condition for a reproducible and controlled environment of the pillar. This also removes water and solvents which may have condensed at the surface of the NEMS. The devices operated at room temperature and the capacitance was not sufficiently small to realize the single-electron regime.
Experimentally, dependencies of the current through the system on bias frequency, as well as on additional DC bias allowing to tune resonances, were measured. The results are qualitatively explained on the basis of numerical simulations.
Coupling of electron transport to mechanical degrees of freedom can lead to other interesting phenomena. In particular, Kubatkin et al. [100] have observed a currentinduced Jahn-Teller deformation of a Bi nanocluster. They have shown that such a transformation influences the electron transport through a change in the geometrical shape of the cluster. We do not review here in detail other experiments, e.g., [6] [7] [8] [9] [10] [11] [12] involving nanoelectromechanical phenomena since they are not directly connected to shuttle charge transport.
COHERENT TRANSFER OF COOPER PAIRS BY A MOVABLE GRAIN
In this Section we study a superconducting weak link where the coupling between two bulk superconductors is due to Cooper pairs tunnelling through a small movable superconducting grain. The system is depicted in Fig. 22 . We begin by looking at the requirements one has to put on the system for the analysis below to be valid. Then we briefly review the Parity effect and the singleCooper-pair box in Sec. 4.2. Following this, in Sec. 4.3, we consider the two basic processes involved in shuttling of Cooper pairs; (i) scattering of a single grain with a lead, thereby creating entanglement; and (ii) free motion of a grain whose charge state is a quantum mechanical superposition.
Two possible experimental configurations can be imagined for the system in Fig. 22 1. The pair of remote superconductors might be coupled by an external superconducting circuit, forming a loop. In this case the superconducting phase difference is given (and is for example determined by a magnetic flux through the loop). Shuttling of Cooper pairs is in this case a mechanism allowing for supercurrent flow through the loop. This scenario is analyzed in Sec. 4.4.
2.
A qualitatively different situation is when the two leads are disconnected from each other. Cooper pair exchange between two remote and isolated superconductors (leads) is then allowed only through tunnelling via the single Cooper pair box, performing oscillatory motion between leads. In this case the relevant question is whether or not phase coherence between the leads can be established. This situation is considered in Sec. 4.5.
Requirements for shuttling of Cooper pairs
The main question we will focus on is how mechanical vibration of the cluster affects coherent tunnelling of Cooper pairs. To put the question in a more dramatic way: Could one have coupling between remote superconductors mediated mechanically through inter-lead transportation of Cooper pairs, performed by a small movable superconductor? The analysis given here, leading to a positive answer to this question has in parts been presented in Refs. [101] and [102] . This result follows from the possibility to preserve phase coherence of Cooper pairs despite the non-stationary and non-equilibrium dynamics of the electronic system originating from a time dependent displacement of the small superconducting mediator. It is necessary though, that only a few electronic degrees of freedom are involved in the quantum dynamics. The latter criterion is guaranteed to be fulfilled if two conditions are fulfilled:
1. The energy quantum ω 0 associated with the vibrations is much smaller than the superconducting gap ∆ .
2. The charging energy E C is much larger than the superconducting coupling energy E J and the thermal energy k B T .
Here E J is the maximal Josephson energy characterizing the superconducting coupling between grain and leads. Condition (i) prevents the grain motion from creating elementary electronic excitations and therefore guarantees that the quantum evolution of the system is disconnected from any influence of the continuous spectrum of quasiparticles in the superconductors. Condition (ii) guarantees a Coulomb blockade for Cooper pair tunnelling and hence prevents significant charge fluctuations on the dot. Such fluctuations imply the existence of a large number of channels for Cooper pair transport and result in strong decoherence due to destructive interference between the different channels. In what follows we will consider the conditions (i) and (ii) to be fulfilled.
Parity effect and the Single-Cooper-pair box
The ground state energy of a superconducting grain depends in an essential way on the number N of electrons on it. Two important N-dependent contributions are the electrostatic Coulomb energy E C (N ), connected with the extra charge accumulated on the superconducting grain, and the so called parity term ∆ N [103] [104] [105] . The latter originates from the fact that only an even number of electrons can form the BCS ground state of a superconductor (which is a condensate of paired electrons). Therefore, if the number of electrons N is odd, one unpaired electron has to occupy one of the quasiparticles states. The energy cost for occupying a quasiparticle state, which is equal to the superconducting gap ∆, brings a new energy scale to bear on how many electrons can be accomodated by a small superconducting grain. In view of this discussion the ground state energy E 0 (N ) can be expressed as (see [105] )
One can see from (12) Fig. 23 . The occurrence of such a degeneracy brings about an important possibility to create a quantum hybrid state at low temperatures, which will be a coherent mixture of two ground states, differing by a single Cooper pair:
This coherent superposition state has been realized experimentally in so called single-Cooper-pair boxes [106] . Coherent control of the state (13) was first demonstrated by Nakamura et al. [107] and then confirmed and improved by Devoret et al. [108] and others. The idea of the experiment is presented in Fig. 24 where the superconducting dot is shown to be in tunnelling contact with a bulk superconductor. A gate electrode is responsible for lifting the Coulomb blockade of Cooper pair tunnelling, thereby creating the ground state degeneracy discussed above. This allows for delocalization of a Single Cooper pair between two superconductors. Such a hybridization results in a certain charge transfer between the bulk superconductor and the grain.
Basic principles
In order to realize the idea of Cooper pair shuttling a rather straightforward extension of the single-Cooperpair box experiments mentioned in the previous Section is required. Essentially, to shuttle Cooper pairs, one uses the hybridization for coherent loading (unloading) of electric charge to (from) a movable single-Cooper-pair box that transports the loaded charge between the remote superconductors. The necessary setup should contain a movable Cooper-pair box capable of performing forced oscillations between two gated superconducting leads as shown in Fig. 22 . The two gate electrodes ensure the lifting of the Coulomb blockade of Cooper-pair tunnelling at the turning points in the vicinity of each of the superconducting electrodes.
Scattering and free motion
To illustrate the shuttling process, consider first the simple case when an initially uncharged grain, n = 0, gets into contact with the left lead. Before contact the state of the system is
where |ψ Leads is the state of the leads. During the time spent in tunnelling contact with the lead the Cooper pair number on the grain may change. When the grain ceases to have contact with the lead the general state of the system is therefore
This process is depicted in Fig. 25 . The coefficients α and β are complex numbers and will depend both on the time spent in contact with the lead and on the initial state |ψ Leads . We note here that in general the grain will become entangled with the leads.
As the grain traverses the region between the leads there is no tunnelling and the magnitudes |α| and |β| will remain constant. However, the relative phase between them may change. Thus, when the grain arrives at the right lead at a time t 2 the state of the system will have acquired an additional phase labeled χ +
|Ψ(t
As the grain comes into contact with the right lead charge exchange is again possible and the coefficients α and β will change. Then, in the same fashion as during the motion from left to right, the only effect on the state as the grain moves towards the left lead again is that another relative phase denoted by χ − is acquired. The whole process is schematically illustrated in Fig. 26 . Both the "scattering events" and the "free motion" are thus characterized by quantum phases accumulated by the system. Here we refer to them as the Josephson phase, ϑ, and the electrostatic phase, χ ± :
Contact region Transportation region
ϑ = −1 dt E J (t) ,(14)χ ± = (i/ ) dt δE c [x(t)] .(15)
Hamiltonian
Under the condition that the variation of the grain position x is adiabatically slow as discussed above, no quasiparticle degrees of freedom are involved and one only has to consider the quantum dynamics of the coupled ground states on each of the superconductors. The corresponding Hamiltonian is expressed in terms of the Cooper-pair number operatorn for the grain and the phase operators for the leads,Φ L,R ,
The operator |0 1| changes the charge on the grain from zero to one extra Cooper-pair. The Hamiltonian (16) represents a standard approach to the description of superconducting weak links [109] . However an essential specific feature here is the dependence of the charging energy difference δE C and the coupling energies E J on the position of the superconducting grain x,
Here δx L,R is the distance between the grain and the respective lead. Since the displacement x is a given function of time we are dealing with a non-stationary quantum problem.
Transferring Cooper pairs between coupled leads
When the leads are completely connected, i.e. they are simply different parts of the same superconductor, there is, due to charge conservation, a one-to-one correspondence between the number of pairs on the conductor and the number of pairs n on the island. One may in this case assume the leads to be in states with definite phases,
The effect of this is to replace the operators e ±iΦ L,R in the Hamiltonian above with c-numbers making it a twolevel system. This leaves us with a reduced Hamiltonian where the phases Φ L,R enter only as parameters,
(17) The dynamics of the system is described by the Liouville-von Neumann equation for the density matrix ρ [101] ,
Since we are not interested here in transient processes, connected with the initial switching on of the mechanical motion, solutions which do not depend on any initial conditions will be in the focus of our analysis. To prevent any memory of initial conditions one needs to include a dissipation term (the last term on the right hand side of Eq. (18)) into the dynamics. If this dissipation is weak enough it does not affect the system dynamics on a time scale comparable to the period of vibrations. However in a time scale longer than the period of rotation such relaxation causes solutions to Eq. (18) to be independent of any initial conditions. We use the simplest possible relaxation time approximation (τ -approximation) with ρ 0 being an equilibrium density matrix for the system described by Hamiltonian H. Relaxation is due to quasiparticle exchange with the leads and depends on the tunnelling transparencies
The Cooper-pair exchange, being an exponential function of the grain position, is mainly localized in the vicinity of the turning points. In this region the Coulomb blockade of Cooper-pair tunnelling is suppressed and can be neglected while considering the dynamics of the formation (or transformation) of the single-Cooper-pair hybrid (13) . In contrast, the dynamics of the system during the time intervals when the grain is far away from the superconducting leads, is not significantly affected by Cooperpair tunnelling and essentially depends on the electrostatic energy δE C = E C (n + 1) − E C (n) that appears as the Coulomb degeneracy is lifted away from the turning points. This circumstance allows us to simplify the analysis and consider the quantum evolution of the system as a sequence of scattering events and "free motion". Scattering takes place due to tunnelling of Cooper pairs in the vicinity of the turning points and these events are speparated by intervals of free evolution of the system, where any tunnelling coupling between grain and leads is neglected. A schematic picture of the described sequence is presented in Fig. 26 . Direct calculations [101] give a simple expression for the average current,
(for details of the derivation see also [101, 110] ). The following features of Eq. (20) should be mentioned:
1. The mechanically assisted supercurrent is an oscillatory function of the phase differences of the superconducting leads similarly to other types of superconducting weak links.
2. The current can be electrostatically controlled if an asymmetrical (χ + is not equal to χ − ) phase accumulation is provided by an external electric field varying in tact with the grain rotation. The same effect appears if the grain trajectory embeds a finite magnetic flux. Then χ is proportional to the flux given in units of the superconducting flux quantum.
3. Depending on the value of the electrostatic phase χ one can have any direction of the supercurrent flow at a given superconducting phase difference. Also a nonzero supercurrent at Φ L − Φ R = 0 is possible in contrast to ordinary superconducting weak links.
4. The supercurrent is a non-monotonic function of the Josephson coupling strength ϑ. This fact reflects the well known Rabi oscillations in the population of quantum states with different numbers of Cooper-pairs when a single-Cooper-pair box is formed due to sudden switching of pairs tunnelling at the turning points of the trajectory.
In the weak coupling limit the current is proportional to the third power of the maximal Josephson coupling strength. One needs to stress that this strength might be several orders of magnitude bigger than what a direct coupling between the superconducting leads would give.
Cooper-pair transportation serves as an alternative to direct Cooper-pair tunnelling between the leads thereby providing a mechanism for supercurrent flow between the remote superconductors. In Fig. 27 a diagram of the the supercurrent as a function of both superconducting and electrostatic phases is presented.
Shuttling Cooper pairs between disconnected leads
We now turn to the question of whether or not a superconducting coupling between remote and isolated superconductors can be mediated by mechanically shuttling Cooper-pairs between them [102] . Here we are interested in the situation when up to a time t 0 the shuttle is absent and no well defined superconducting phases can be introduced for the leads. This is because of the large quantum fluctuations of the phases on the conductors, which each contain a fixed number of Cooper-pairs. At times t larger than t 0 , a superconducting grain starts to swing between the leads, and the number of Cooper-pairs on each lead is no longer conserved separately. The moving singleCooper-pair box provides a mechanism for exchange of Cooper-pairs between the leads. We are interested to know if this exchange is able to establish superconducting phase coherence between the leads.
In the case with strongly coupled leads the limitation that the grain could carry only zero or one excess Cooper pair reduced the problem to a two state problem. Since the problem was essentially a two conductor problem (grain + one lead) only this variable was needed to determine the state of the system. For the case with decoupled leads one has to keep the operator nature ofΦ L,R in the Hamiltonian (16) . The dimensionality of the Hilbert space depends on the maximum number of Cooper pairs that can be accommodated on the leads. The factors that put a limit to this number are the capacitances of the leads which are not present in the Hamiltonian (16) . Instead of including these charging energy terms another approach was used in Ref. [102] . The Hilbert space was there reduced in such a way that each lead can only accommodate a maximum (minimum) of ±N extra Cooper pairs.
The time evolution of the system is determined by the Liouville-von Neumann equation for the density matrix. If the total number of particles in the system is conserved and one assumes the whole system to be charge neutral, the state of the system can be written in terms of the state of the grain and one of the leads. The density matrix can, e.g., be written as
Here, it has been explicitly indicated to which part of the system the various operators belong. The simple relaxation time approximation used for the case with connected leads is not possible to use in this case. That approximation assumed the leads to be in BCS states with definite phases towards which the phase of the grain relaxed. Instead, to account for loss of initial conditions the influence of the fluctuations of the gate potential on the island charge has been accounted for. The fluctuations are modelled by a harmonic oscillator bath with a spectral density determined by the impedance of the gate circuit. Hence, the density matrix in Eq. (21) is the reduced density matrix obtained after tracing out the bath degrees of freedom. Denoting the phase difference between the leads by ∆Φ ≡ Φ R −Φ L and the phase difference between the right lead and the grain ∆φ ≡ Φ R − φ grain , phase difference states
are introduced. The probability for finding a certain phase difference between the leads is then obtained from the reduced distribution function
This is the function which has been plotted on the zaxis in Fig. 28 . At the initial stage of the simulation the system was in a state with a definite amount of charge in each conductor. This means that the phase distribution is initially completely flat. However, as the grain rotates the distribution is altered and eventually becomes peaked around a definite value of ∆Φ uniquely determined by the system parameters. The width of the final peak depends on the maximum number of excess Cooper pairs that can be accommodated on the leads. The phase difference mediated by shuttling Cooper pairs will give rise to a current if the two conductors are connected by an ordinary weak junction. In Fig. 29 this current is shown as a function of the dynamical phases for fixed ϑ (contact time). Here an auxiliary, weak, probe Josephson junction is assumed to be connected after a large number of rotations. The current is given by the usual Josephson relation weighted over the phase distribution f (∆Φ)
where I c is the critical current of the probe junction.
We conclude that phase coherence can be established by a mechanical transfer of Cooper pairs and that this mechanism can also give rise to a non dissipative current. The role of an environment-induced decoherence in the shuttling of Cooper pairs was considered by Romito et al. [111] . To allow for decoherence a finite model damping of the off-diagonal part of the density matrix is introduced in the Liouville-von Neumann equation (18) . The damping is assumed to be different in the contact regions (γ J ) and in the region between the contacts (γ C ) and computed in the Born-Markov approximation. Strong decoherence exponentially suppresses the supercurrent, the leading term being proportional to exp(−γ J t 0 − γ C t C ), where t C = t − t 0 . The supercurrent is also suppressed in the case of weak coupling and γ J t 0 γ C t C . Consequently, there exists an intermediate region where the decoherence leads to an enhancement of the supercurrent. In addition, the decoherence may result in a sign change (π junction). It remains to be seen whether these conclusions are sensitive to damping of the diagonal elements of the density matrix.
NOISE IN SHUTTLE TRANSPORT
Noise properties are crucial for the performance of nanomechanical systems and have been extensively studied both experimentally and theoretically. In this review we address only work related to shuttle electron transport.
While many papers were aiming at studies of the conditions for the realization of the shuttle instability or at the dependence of the current on external parameters, at the initial stage only a few papers investigated current fluctuations. However, during the last several years the interest in current fluctuations have significantly increased, and has been shown that the current noise contains much more information about the nature of the shuttle instability then the average current. Indeed, even near equilibrium, the noise spectrum allows one to study the AC response of the system without AC excitation. Out of equilibrium, the noise spectrum is specifically sensitive to coherence properties of the electron transport, as well as to electron-electron correlations. In addition, noise spectrum can serve as a hallmark of shuttle transport and can be used for its detection. The above issues lead to several interesting works aimed at various aspects of noise in electron shuttling. Below we will discuss these works following the scheme of Table I .
General concepts
Before we proceed, let us introduce some basic definitions. The instant current through a device, I(t), differs from its time-averaged value, I ≡ I(t), and the difference ∆I(t) ≡ I(t) − I is called the current fluctuation. The nature of fluctuations is naturally studied by evaluating the correlation function
∆I(t)∆I(t ) = I(t)I(t ) − I
2 .
In the absence of external time-dependent fields this correlation function depends only on the time difference, t − t . In addition, for the ergodic systems we are interested in, the time average does not differ from the ensemble average, which we will denote as · · · . The ensemble average is just the average over the realizations of the random quantity I(t). As a result, the correlation function is conventionally defined as
The noise spectrum is then defined as twice the Fourier transform of the correlation function, see Ref. [112] for a review,
This is a purely classical definition, which assumes that the current operators commute at different times. In the case of quantum transport the current is an operator, and in generalÎ(t) andÎ(t ) do not commute. Then the definition of the correlation function is generalized as
where [Â,B] ± ≡ÂB ±BÂ. For a small applied voltage, V → 0, the current is proportional to the applied electric field. This implies that I(ω) = G(ω)E(ω), where G(ω) is the complex conductance of the structure. In this regime the noise spectrum can be expressed through the real part of the conductance as (25) where the approximate result holds if ω k B T ; k B is the Boltzmann constant. The relation (25) is the well know fluctuation-dissipation theorem [113] . In the linear response regime it follows from Eq. (25) that the noise spectrum provides exactly the same information as the linear conductance. Even in this case studies of noise can be informative since the noise spectrum allows one to determine the frequency dependence of the conductance without a direct AC excitation.
Nonequilibrium noise (V = 0) is more interesting, because it gives information about temporal correlations of the electrons, that can not be obtained from the conductance. The contribution proportional to the first power of the applied bias voltage is often called the shot noise. Such noise has been thoroughly studied in many systems. In devices such as tunnel junctions, Schottky barrier diodes, p − n junctions, and thermionic vacuum diodes [114] , the electrons are transmitted randomly and independently of each other. Hence, the transfer of electrons can be described by Poisson statistics, which is used to analyze events that are uncorrelated in time. For these devices the shot noise has its maximum value at zero frequency,
and is proportional to the time-averaged current I . This expression is valid for ω τ −1 , where τ is the effective width of a one-electron current pulse, which is determined by the device parameters. For higher frequencies the shot noise vanishes. To characterize the shot noise the so-called Fano factor, F ≡ S(0)/2e I is introduced. Correlations suppress the low-frequency shot noise below the Poisson limit, leading to F ≤ 1. This suppression is efficiently used to study correlations in the electron transport through mesoscopic devices, see the excellent review articles Refs. [112, 115] .
Even more interesting information can be extracted by using so-called full counting statistics [116] , which deals with the probability distribution, P t (n), of the number of electrons, n, transferred through the system during the measurement time, t. The first and the second moments of this distribution correspond to the average current and the shot-noise correlations, respectively. The probability distribution also contains fundamental information about large current fluctuations in the system.
In the following Section we review work on the noise spectrum and on the full counting statistics of shuttle transport.
Incoherent electron transport and classical mechanical motion
The case of incoherent electron shuttling involving classical mechanical motion was first addressed by Isacsson and Nord [117] . They considered a model onedimensional shuttle structure similar to the one shown in Fig. 1 ,a and described in detail in Ref. [118] . Accordingly, it was assumed that a metallic grain of mass M and radius r is suspended between two leads by elastic, insulating springs. Applying a bias voltage V = V L − V R , electron transport occurs by sequential, incoherent, tunnelling between the leads and the grain. The tunnelling rates, Γ ± L,R (x, q), depend on grain position x and charge q through the tunnelling matrix elements and the differences in (Gibbs) free energy, ∆G 
, where a L,R are characteristic length scales. The tunnelling matrix elements are expressed through the position-dependent resistances specified as
±x/λ . In this way the motion-induced feedback to the stochastic electron hopping is taken into account. Another relationship between the grain charge and displacement is given by Newton's equation of motion, mẍ = F (x,ẋ, q). The force F in this equation contains both elastic and electric components, as well as the friction force ∝ẋ. A new feature is an additional account of the van der Waals force, which turns out to be important [118] . In general, F (x,ẋ, q) is a nonlinear function of x and q.
The results for noise were obtained by direct numerical integration of a set of equations including the Master equation for the grain population with {x, q}-dependent hopping rates and anharmonic mechanical equation of motion. A typical noise spectrum is shown in Fig. 31 . The spectrum in this figure can be divided in four regions marked as I-IV. At the high frequencies of region IV the Fano factor is close to 1/2, which is the value one obtains for a static double junction [112] . In region III two strong peaks are located at the vibration frequency and its harmonic. This is a result of the periodic charging and decharging of the oscillating grain. Directly below the peaks, in region II, the noise is suppressed below the shot noise level of a static double junction, due to the additional time-correlations between successive tunnel events induced by the oscillating grain. This is a clear hallmark of classical shuttling. The most interesting part of the spectrum, however, is the low-frequency part in region I, where the Fano factor increases as the frequency decreases. The authors attribute this increase to low-frequency fluctuations in the mechanical energy, which, in turn, lead to low-frequency fluctuations in the current.
The authors have also performed an analytical stability analysis valid in the case of weak electromechanical coupling, i.e. for ≡ F (x = 0, q = e)/mω
, is determined by the difference between the the energy, W(E), pumped into the mechanical motion during one period and the average energy dissipated per period, D(E). Hence, the stationary oscillation amplitude is determined by the equation p(E 0 ) = 0. Since p(E) depends both on the bias voltage and the damping of the mechanical motion, this equation actually determines the dependence of the oscillation amplitude on the bias voltage. It has a finite solution only above the instability threshold.
The analysis, following the conventional procedure [119] , takes into account the fluctuations in the mechanical energy around, say E = E 0 . These fluctuations induce electrical noise with a Lorentzian spectrum,
The width ν of the spectrum is proportional to |p (E 0 )|, where p (E 0 ) ≡ ∂p/∂E | E=E 0 . Since at the instability threshold p (E 0 ) → 0 [42] , the noise spectrum diverges while approaching the instability threshold from the "shuttling" side.
The results of numerical studies corresponding to a nanometer-sized Au grain commonly used in experiments with self-assembled Coulomb-blockade double junctions are shown in Fig. 32 .
Although, as explained in Ref. [118] , the non-parabolic confining potential smears any step-structure in the current-voltage characteristics, the transition between static-and shuttle-operation is clearly visible in the noise spectrum. In accordance with the analytical result, on approaching the threshold from above (going from higher to lower voltages) the noise spectrum S(ω) shows a divergent behavior. Below the threshold voltage the Fano factor is of the order 1/2.
A rather unusual prediction is that in the shuttle regime, well above the threshold voltage, the Fano factor is increased. This fact is attributed to the anharmonicity of the potential. For the harmonic potential used in the analytical treatment the lowered noise level in region II is continued into region I.
Noise in a quantum shuttle
We start with review of a theory by Novotny et al. [120] for shot noise in a quantum shuttle. The theory extends previous work of the authors [78] in which they considered the average current. It is assumed that the shuttling grain has two electron charge states, |0 , and |1 , and that only the diagonal elements of the density matrix in the |i -representation are important. To calculate the noise, the number-resolved diagonal density matrices, ρ (n) ii (t) δ ik , are introduced. Here n is the number of electrons which have tunnelled to the right electrode by time t. These matrices obey a generalized master equation where tunnelling into the leads is described by positiondependent transition rates Γ L,R . In addition, damping of the oscillator motion due to interacting with a thermal bath is taken into account.
Knowing ρ (n)
ii (t), one finds the probability for n electrons to be shuttled as
The calculation of the average current and noise is then straightforward:
The relevant elements of the density matrix were found using the generating functional concept, and both the average current and the Fano factor were calculated for different relationships between the characteristic tunnelling length, λ, and the amplitude of quantum zero-point oscillations, x 0 , as well as for different ratios γ/ω 0 . The numerical results agree with an analytical treatment valid for small injection rates. The results are summarized in Fig. 33 . The plot of I versus γ in Fig. 33 shows a crossover from tunnelling to shuttling as damping is decreased, in agreement with previous results. The crossover spans a narrower range of γ-values in the case of λ/x 0 = 2 compared to the λ/x 0 = 1 case. Thus, already for λ/x 0 = 2 the shuttle behaves almost semiclassically, where a relatively sharp transition between the two regimes is expected. There is no abrupt transition from tunnelling to shuttling, however, and near the transition these regimes can coexist. To demonstrate this phenomenon the Wigner distribution functions (7) were calculated following Ref. [78] .
The results are shown in Fig. 34 , where a pure classical motion would correspond to a sharp classical phase trajectory for W tot , which for an oscillator is a circle. The radial smearing of the circle that can be seen corresponds to quantum fluctuations. In addition, one clearly sees a spot in the center, which correspond to tunnelling through a static grain. Thus the motion has a complex character showing features corresponding to both the classical and the quantum regimes. The semiclassical transition is accompanied by the nearly singular behavior of the Fano factor reaching the value ≈ 600 at the peak. This is in agreement with the classical study [117] discussed above.
Noise spectum of a shuttle was analyzed in detail in subsequent works [121] [122] [123] . The general scenario of the evolution of noise spectra with increase of the bias is the crossover between a tail with a maximum at zero frequency to set of peaks in the shuttling regime -at slightly renormalized shuttling frequency, and its harmonics. Shown in Fig. 35 is an example of the noise spectra for different damping. Peaks in the noise spectrum in the shuttling regime were also predicted for the weakly coupled quantum electromechanical shuttle in Refs. [124, 125] . The peaks in the noise spectrum is a hallmark of shuttling transport. Consequently, measurements of the noise spectra may be informative for identification of shuttling. In the mixed regime, a specific low-frequency dichotomic noise originated from slow switching between the shuttling was predicted and analyzed in [121] . Its presence may identify the mixed regime.
An alternative method for studies of quantum noise in the electromechanical shuttle was suggested in Ref. [126] . The method is based on the solution and subsequent analysis of a quantum master equation for the density matrix in the time domain. This method allows analyzing the conditional dynamics (system evolution stating from prescribed initial conditions) of the quantum shuttle and identify specifics of the dynamics in real time. Applied to the current fluctuations, this approach also predicts a set of equidistant peaks in noise spectrum in the shuttling regime. At relatively large damping the result of the two above mentioned approaches basically agree. Some discrepancies at very small damping are probably due to complications in numerics at very low damping.
Driven charge shuttle
The noise properties of a driven charge shuttle [38] are much simpler to account for than those of a selfoscillating shuttle. Here the mechanical energy is conserved and does not fluctuate, so the only source of noise is random electron transfer.
The average number of electrons transferred by a driven shuttle per one cycle, as as well as its variance were considered by Weiss and Zwerger [50] in connection with a discussion of the accuracy of a mechanical single-electron shuttle, see Sec. 2.1.4. The variance, ∆n ≡ n 2 − n 2 1/2 was found using a conventional Master equation approach with the tunnelling probabilities given by the "orthodox theory", see Ref. [127] for a review. A typical plot of ∆N versus V is shown in Fig. 5 (lower panel), and the main conclusion is that the variance is small at low temperatures, k B T e 2 /2C, and for relatively long contact times, t 0 RC. However, the variance ∆n differs from the noise actually measured since typical measurement times are much longer than one period of oscillation. This case was addressed by Pistolesi in Ref. [128] where both the zerofrequency noise and the full counting statistics of the transferred charge were considered.
To find the statistics of the transferred charge one needs the probabilities for n electron to be transferred, P n (t), for all n. They can be calculated using an elegant formalism involving a generating functional [116] . The generating functional is defined as (27) where χ is the counting field. Then all cumulants of the transferred charge can be calculated as
etc. The explicit calculation uses the method developed in Ref. [129] with a proper generalization to the dynamic case. It is assumed that the shuttle has two states with 0 or 1 excess electron. The probability to find the shuttle in one of these states can be expressed as a vector |p with components {p 0 , p 1 }. The dynamics of |p(t) is governed by the Liouville equation
. (29) The generating functional can be expressed as
where |p(0) is the probability at time t = 0, |q ≡ {1, 1}, and T exp is the time ordered exponential. The matrix L χ (t) is constructed from the matrixL(t) by multiplying the lower off-diagonal matrix element by the factor e iχ . Time ordering is very important since the matricesL χ (t) do not commute for different times.
The generating functional (30) was analyzed numerically as well as analytically for the limiting cases of small and large oscillation amplitude a. In the static case, a = 0, and for a symmetric shuttle with Γ L = Γ R = Γ (0) exp(∓a sin ω 0 t) the known result [130] for a static tunnelling system is reproduced:
In this case I = S(0) = πω 0 Γ (0) and the Fano factor F = 1/2.
In the opposite limit of large shuttle oscillation amplitude the ratio Γ L /Γ R is most of the time either very large or very small. This is why it was assumed that (i) for 0 < ω 0 t < π the quantity Γ L vanishes identically and (ii) for π < ω 0 t < 2π the opposite holds: Γ R = 0. The approximation becomes exact for Γ ω 0 , since in that case electrons can tunnel only when the shuttle is near one of the two leads. Under this assumption the problem can be treated analytically, the result being
Here the quantity 1 − α with
is the probability of transferring one electron during half a cycle. For a 1 this probability is nearly 1, and the generating function e −Gt(χ) = 2α + (1 − 2α) e iχ ω 0 t/2π (32) corresponds to a binomial distribution
where N (t) = [ω 0 t/2π] is the number of oscillation cycles during the measurement time t. This is a very clear result since during each cycle one electron is transmitted with probability 1 − 2α, and since α 1 the cycles are independent. Indeed, after each cycle the system is reset to the stationary state within accuracy α 2 , regardless of the initial state. This limiting case agrees with the results of Ref. [50] , where the variance of the charge transfer during one cycle was analyzed.
For α → 1 the probability for one electron to tunnel during a cycle is very small. The result for this case reads as e −G t (χ) = α + (1 − α) e iχ/2 ω 0 t/2π (33) One can notice that the periodicity of the generating function has changed. Equation (33) describes a system of e/2 charges that in each cycle are transmitted with probability 1 − α). Thus the system can be mapped on a fictitious system of charges e/2 saying that every time that one electron succeeds in jumping on or off the central island, one charge e/2 is transmitted in the fictitious system. This is possible, since it is extremely unlikely that one electron can perform the full shuttling in one cycle. Thus after many cycles (N 1) the counting statistics of these two systems coincide. The cycles are no more independent as in the case when α 1, but the problem can be mapped onto an independent tunnelling problem.
For intermediate values of α it is more difficult to give a simple interpretation of the charge transfer statistics, since different cycles are correlated in a nontrivial way.
The full counting statistics of nanoelectromechanical systems was recently addressed by Flindt et al. [131] . The authors have developed a generalized theory applicable to a broad class of nanoelectromechanical systems which can be described by a generalized Markovian Master equation. Concrete calculations are made for the models of Refs. [64] and [78, 79, 120] . The three first cumulants are evaluated numerically. For the quantum shuttle [78, 79, 120] , the behavior of the third cumulant is shown to be compatible with the concept of slow switching between the tunnelling and the shuttling regime. This concept was earlier [120] used to predict n enhanced noise spectrum at the shuttling transition.
Generally, both the noise and the full counting statistics demonstrate a very rich and interesting behavior. This permits us to understand more deeply the charge transfer dynamics and to characterize the threshold for the shuttle instability with greater accuracy.
Noise in Cooper pair shuttling
Noise in Cooper pair shuttling between two superconductors is particularly interesting since in allows one to better understand the coherent properties of superconductor devices. At present, only driven superconducting shuttle systems have been considered. Their noise properties were first considered by Romito et al. [111] .
The main purpose of Ref. [111] was to analyze environmentally induced decoherence, the noise being a byproduct of a general analysis of the Cooper pair shuttling dynamics. The basic model is similar to that of Refs. [101, 102] . In addition, a finite coupling to a thermal bath was taken into account along the lines of the Caldeira-Legget model; for a review see Ref. [132] . In the Born-Markov approximation the coupling to the heat bath results in a damping of the density matrix, which is assumed to be different in the tunnelling region and in the region of free motion and characterized by the damping coefficients γ J and γ C , respectively.
The results for both the average current and the noise are strongly dependent on the products γ J t 0 and γ C t C , where t C is the time of free motion between the leads. Strong decoherence occurs if γ J t 0 1 or γ C t C 1, the details being dependent on the ratio γ J t 0 /γ C t C . Naturally, with strong decoherence the phase dependent contribution to S(0) is exponentially suppressed since it comes from correlations over times larger than one oscillation period. At γ J t 0 1 the zero-frequency noise is given by the expression
This contribution is due to the damped oscillations in the contact regions (L, R).
In the case of weak damping, γ J t 0 γ C t C 1, one finds 
which shows a rich structures as a function of the phases ϑ and χ. The full counting statistics of Cooper pair transfer was considered by Romito and Nazarov [133] . The authors focus on the incoherent regime, where coherence is suppressed by classical fluctuations in the gate voltage and no net supercurrent is shuttled. However, charge transfers occur, and the current is zero only in average. Thus the full counting statistics provides a convenient method to reveal this circumstance.
The basic model for the superconducting shuttle in Ref. [133] is similar to that of Refs. [101, 102] . Fluctuations of the gate voltage are allowed for by assuming stochastic "white noise" fluctuations,
4e 2 δ(t − t ) .
Thus defined, γ has the meaning of a decoherence rate for the two charge states. It leads to a damping of the offdiagonal elements of the density matrix, while diagonal elements are assumed to be undamped. The full counting statistics is computed using the generating function method.
The physics of charge transfer could be clearly understood for the limiting cases of long and short cycles comparing to the decoherence time. If the shuttling period is sufficiently long for decoherence to be accomplished,
the full counting (FC) statistics can be interpreted in terms of classical elementary events: Cooper pair transfers. During the shuttling cycle, either no transfer takes place or one pair is transferred in either direction. There is an apparent similarity with the FC statistics of the pumping in normal systems studied in Refs. [116, 134, 135] . In this case p 0 = 1/2 , p ±2 = 1/4 , so that, each shuttling between the superconductors transfers either one Cooper pair or none, this occurs with equal probability. The pair is transferred with equal probabilities in either direction. This simple result is quite general and relies neither on the periodicity of shuttling nor the concrete time dependence of E J (t) provided adiabaticity is preserved. Leading corrections to the adiabatic FC statistics are exponentially small, ∼ e −2γt0 . Adiabaticity is also preserved for small Josephson couplings where E J γ provided In this case the factor f ≡ e
−t0E
2 J / 2 γ can be arbitrary, and the FC statistics becomes more complicated [133] . For finite f all p n = 0, but remain positive definite. In the adiabatic limit the FC statistics does not depend on the superconducting phase Φ or the dynamical phases ϑ and χ.
Beyond the adiabatic limit, the FC statistics does depend on Φ, and a classical interpretation in this case can fail since p n can be negative of even complex. A relatively simple treatment is possible in the case of very short shuttling periods, γ/ω 0 2π. The FC statistics in this case corresponds to a supercurrent that randomly switches between the values ±I s on the time scale 1/γ. The quantitiesγ and I s depend on the phases Φ, ϑ, and χ, the detailed form of these dependencies being given in Ref. [133] , see also Ref. [136] .
To summarize, in the limiting cases of long and short shuttling periods the full counting statistics allows for relative simple classical interpretations. In an intermediate situation, the FC statistics can not be interpreted in classical terms since the charge transfer probabilities per cycle may be negative or complex. This is a clear signature of the fact that superconducting coherence survives strong dephasing although this coherence does not manifest itself in a net superconducting current.
One can conclude that both the noise spectrum (second cumulant) and the full counting statistics provide valuable information about shuttle transport, which is complimentary to the information that can be extracted from the average current. It is a combination of the features of the average current and the noise that can assure that shuttling can be identified as the underlying transport mechanism.
DISCUSSION AND CONCLUSION
While designing nanometer-sized devices one inevitably has to face the effects of Coulomb correlations on the electron transport properties. The most peculiar feature of such correlations is known as single-electron tunnelling, which determines the transport properties of many interesting nanodevices. Furthermore, in nanosystems electric charge produce not only large potential differences, but also large mechanical forces which can be comparable with interatomic forces in solids. These forces tend to produce mechanical displacements which, in turn, lead to a feedback to the distribution of electric charges. As a result, coupling of electrical and mechanical degrees of freedom is a hallmark of nanodevices. The aim of this review is to demonstrate one fundamental manifestation of such coupled motion -the shuttle transfer of charge due to the conveying of electrons by a movable part of the nanosystem. Shuttling of charge can occur either due to an intrinsic instability, or can be driven by an external AC source. From an "applied" point of view, the role of shuttling can be either positive, or negative. Indeed, it can hinder a proper operation of a single-electron transistor at the nanometer scale. On the other hand, an intentionally periodic mechanical motion resulting from a designed instability can be used to create building blocks for new applications. In particular, new principal possibilities for generators and sensors at nanometer scale appear.
As we have tried to show, the research area centered around the shuttle instability involves several new principles and possibilities. Thus, there is a wealth of interesting physics to be explored containing both coherent and incoherent electron transport facilitated by either classical or quantum mechanical motion. In particular, one can expect very interesting physics regarding the coherent shuttling of Cooper pairs over relatively large distances, as well as the creation of quantum coherence between remote objects by movable superconducting grains. This system, if realized experimentally, would allow for a determination of the decoherence rate of superconducting devices due to their interaction with environment.
One can imagine several concrete systems where electromechanical coupling is very important. Among them are nanoclusters or single molecules which can vibrate between leads they bind to, metal-organic composites showing pronounced heteroelastic properties, colloidal particles, etc. The likelihood that a similar physical picture is relevant for the coupling of magnetic and mechanical degrees of freedom will certainly lead to new phenomena and devices. In the latter case the coupling is due to exchange forces, and it can lead to shuttling of magnetization.
There are a few experiments where electromechanical coupling has been observed and some evidence in favor of single-electron shuttling was presented. The complete experimental proof of the single-electron shuttle instability remains still a challenging problem. To solve this problem in a convincing way it seems to be a good idea to study the anomalous structure of the Coulomb blockade in nanomechanical structures with and without gates, as well as to detect periodic AC currents.
Both experimental and theoretical studies of shuttle charge transfer are under development, and new works regularly emerge. In particular, a general approach to shuttling based on an analysis of Breit-Wigner resonances in an electronic circuit was developed in a recent preprint [137] .
To summarize, movable nanoclusters can serve as new weak links between various normal, superconducting and magnetic systems leading to new functionalities of nanostructures.
